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§ 1. A3ORJINHBL.
COCTABJIEHNE JIHO®EPEHIHAJIbHOTO YPABHEHHS
CEMENACTBA KPHMBLIX

1. Pemenme ypaBHenma y’ = f(z, y), mpoxopamee 96pe3 Tot-
Ky (z, y), DOMIKHO MMETHh B STOH TOYKe IPOU3BOAHYI0 y’, PaBHYIO
f(z, y), T. . OHO NOJIKHO KAacaThCA OPAMOIl, HAKJIOHEHHON MOJ yr-
aom o = arctg f(z, y) k ocm Oz. I'eomerpmueckoe MecTO TOYEK
OI0CKOCTH (a: y), B KOTODHIX HAKJIOH KACATENBHBEIX K DPEIMeHHsIM
ypaBuenusi y’ = f(z, y) OAMH W TOT Ke, HAa3HIBAOTCSA M3OKJIHMHOII,
CaeposaTeabHO, ypasHeHHe M3OKJIWHEI mMeeT BHR f(z, y) = k, rie
k — mocrosiHHasdl. )

YroOpr NpHOMWKEHHO NOCTPOUTL pPEINEHHA ypaBHEHHAA y  =:
= f(z, y), MO’KHO HAYEPTHTH [OCTATOTHOE UMCJIO H3OKIHH, a 3aTEeM
OpOBECTU PEmIeHHd, T. €. KPUBHIO, KOTODHE B TOUYKaX IepecedeHwus
¢ u3okauHaMm f(z, y) = ki, f(x, y) = ks, ... HIMEIOT KacaTeIBLHHIO
¢ YIVIOBBIMH Koa(ini)nnnemamu COOTBETCTBEHHO k;, kg, ... Ilpamep
OpaMeHeHEd dToro Meroga cM. [1], ra. I, § 1, m. 3 mam [4],
r I, § 1.

2. Uroler nocTpouts ArdepennnanbHoe ypaBHenne KOTOPOMY
YAOBJETBOPAIOT KPUBBIE CEMEHCTBA

q)(l’, Y, Ch ooy C”) = 07 (1)

nafo npopuddepernuposars paBeHcTso (1) n pas, camrag y Qymnk-
nuEeil OT z, a 3aTeM W3 TOIYYEHEEIX ypaBHEeHHWIl u ypaBHeHHs (1)
HCKJIIOYATH I[POUBBOJLIbIE 110CTOAREEE (1, ..., Cn.

ITpumep. Cocrarurs auddepeHnnainEOe ypaBHEHHE ceMeii-
CTBA KPHBBIX

Cz+ (y—Cy)?=0. 2

Tar Kaxk ypaBiuenue ceMeiicTBa CONEp/KHT ABa mapaMeTpa, Aud-
hepennmpyeM ero JBa pasa, cuutag y = y(z):

C, T2 —C)y =0, &)

2% +2(y—Cy)y" =0. ()

Ucknwouaem C,. s ypasaenusn (3) mmeem C, = —2(y — C2)y’, nop-
CTaBaAA 3T0 B (2), moxyIum

—2zy’(y —Ca) + (y —C3)? = 0. (5)

Uckmouaem C, Us ypasmemma (4) mmeem y—C,=— vy

HOfCTaBIAA 3TO B (5), nonytmu mocjie ympomeHmi de)d)epennn-
ajbpHO® ypaBHeHHe y’ + 2zy” = 0.
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3. JleEER, mepeceKalIHe BCO KPHBHEA NAHHOrO ceMeficTsa moj
OHEM H TOM 6 YIJIOM ¢, Ha3HBAIOTCA H30TOHAILHEIMA TDPAOKTO-
puAME. YIIH § B o0 HAaKIOHA TPAeKTODHHE M KpUBOil K oca Oz CBA-
3aHHl cooTHOmeHMeM P = a =+ ¢. IIycTs

¥ =1z ) (6)
— puddepeRnuanisEOe ypaBHEHEHe MAHHOIO CEMOHCTBA KPHBHIX, a
y' = fi(z, y) ™

— ypaBHEHHe CeMCiiCTBa M30TOHAJLHEIX Tpaexropmil. Torma tga =
= f(x, y), tgB = fi(z, y). CnemoBaTensno, ecim ypapaenne (6)
HamHCaHO W YToJX (p U3BECTeH, TO Jerko HaiTe tg p m 3aTrem Hamm-
cath nEddepeHUaNbH0e ypaBHEHUEe TpaeKTopmil (7).

Ecan ypaBHeHHe JAHLIOrO ceMeiicTBa KPUBEIX HANMCAHO B BHAO

F(z, y,9) =0, ®)

TO HPH COCTABICHUH YDPABHEHMs H30TOHANBHEIX TPAEKTODHIl MOKHO
oGoiituch Ge3 paspemeHus1 ypaBEeHHAA (8) oTHOCHTENLHO y'. B aToM
cayyae B (8) mago samcHuTSH y’ Ha tga = tg (BF ¢), rae 1gf =
= y’ — yrioBoii KOd(pAMUEHT KACATEIbHOIT K TPAEKTODUM.

Ecnu :xe ypaBHeHAe ceMeiicTBa KDHBHIX faHO B BEpe @(z, Y,
C) = 0, To cHavajla HYKHO COCTaBUTHL Au(pepeRnranIbaoe ypaBHe-
HEe STOr0 CeMeiicTBa M TOJBKO HOCIe 3TOro — pudpdepennuanpaoe
yPaBHEHH® TPAaeKTOPHil.

B 3amavax 1—14 ¢ DoMompbl0 H3OKIMH HAUEPTHUTH
(mpubnwmxenno) peliedns TAHHBIX ypaBHEHHII.

1. y=y—2% 2. 2(y+y)==z+3.

3 ’ $2"|"!/2 A 2 ’

Y =1L 4 (Pt)y' =y—=z

5 yy' +z=0, 6. zy’ =2y.

7. 2y’ +y=0. 8.y +y=(@=—-y’):

9. y =z—e. 10. y(y' +z)=1.11. y'=i’_l__—§;.

12, y' = iy.w. 22+ yty’ =1. 14, (22 +y?)y’ = 4z.

15. Hanmcats ypaBHeHEE reoMeTpHYECKOTO MecTa TO-
ek (z, y), ABIAKIMUXCA TOYKAMA MaKCEMyMa HJIH MOHH-
MyMma pemenuit ypaBmemma Yy = f(z, y). Kax oramamTs
TOYKH MAKCHMyMa OT TOYeK MUHHMyMa?

16. Hammcars ypaBHeHHe TreOMETDHYECKOTO MecTa TO-
4YeKk mepern6a rpaEKOB peLIeHHH ypaBHeHml a) Yy =
=y—a%0) y’=z—e;8) ¥y =1;r) ¥y =f(z ).

B zagazax 17—29 cocraButh pudgepeHnuaILHEIS
ypABHEHHs JAHHBIX CEMENCTB JHMHUMA.

17. y=e¢°. 18. y=(z—C)3% 19. y=Cz3.

20. y =sin(z+C). 21. 22+ Cy? =2y.

22. y*+ Cx=2ad. 23. y=C(z—-C)2%



24. Cy=sinCrx. 25. y =ax?+ be.

26. (r—a)2+by’=1. 27. Iny=ax+ by.

28. y=az®+ba?+cx. 29. z=ay’+by+te.

30. CocraBmTs nuddepennuanrnoe ypaBHEHHE OKPYIK-
mocreit pagmyca 1, DEHTPH KOTODHIX JeEKAaT HA NIPAMOM

= 2.

31. CocraBaty nuddepeHnualbEOe ypaBHEHHE mapa-
6ox ¢ ockio, mapanienbHoir Oy, W KacaoIUXCHA OJHOBpE-
MenHO mpAMEX Yy =01 y=uz.

32. CocraBurs muddepennmaipnoe ypaBHEHHE OKPY:K-
HOCTell, KacaloIIXCs ORUOBPeMeHHO mpsAMHX Yy=0 u z=
=( m pacmoJoKeHHBIX B IEpBO# W TpeThell dYETBepPTAX.

33. Cocrasnts nmddepeHnmadbHOE YpaBHEHHE BCEX
pmapa6osx ¢ ocblo, mapajrenbHoii Oy, W HPOXOAAMMAX dTe-
pe3 HATaJI0 KOODHHWHAT.

34. CocraButs numddepernmalbHOe ypaBHEHHE BCEX
OKpYKHOCTCH, Kacalommuxcsa ocu aGemmec.

B zagavax 35—36 maiitm cmcremn amddepenmmannb-
AHIX YPaBHEHWH, KOTOPHIM yJOBIETBOPAIOT JHHAYM JAaHHHIX
ceMeiicTB. ‘

35. ax+z=0, y>’+z22=">02

36. 22+ y?=122—2bz; y=ax+b.

B 3zamavax 37—50 cocraButs mguddepenmumanbusie
ypaBmenma ') TpaeKTopmii, mepeceKalomux JIWHAHN JAHHO-
ro ceMeficTsa IOJ JANHBIM YIJIOM Q!

37. y=Cx*, ¢=90°. 38. y?=z+C, p=90°.

39. 22=y+Cz, 9=90°. 40. 22+ y?>=a? @=145".

M. y=kz, =260 42, 322+ y?=C, ¢ =230°.

43. y?=2pz, p=160°. 4h. r=a+ cos0, p=90°.

45. r=acos?0, p=90°. 46. r=asin0, ¢ =45".

47. y=zlnz+ Cz, ¢ =arctg 2.

48. 22+ y?=2azx, 9 =145°.49. 2>+ C?*=2Cy, o =90°.

50. y=Cz+C3 ¢=90°.

§ 2. YPABHEHHAA
C PA3JEIAIOMNMACA NEPEMEHHBIMHA
1. YpaBEeHAs ¢ pasfeNAoOIMUEMACA NEPEMEHBBLIME MOryT OHTH
3aIACAHH B BHEAE
v’ =f(z)g(v), (1)
a Tar:ke B BHJ® ’
M(z)N(y)dz + P(z)Q(y)dy = 0. (2)

) Vpasmemus, noayutaemble B 3afmadax 37—50, moryT OHITH
PemeHK METOAAaMH, M3jJaraeMEIMH B JaJbHeimmx naparpagax.
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Ml pemenHsT TAKOro ypaBHCHHS Haj0 066 €ro vacTW YMHORHTH
Il Pa3feNdTh Ha Takoe BbIpakeHue, uTo0bl B OJHY UaCTh ypaBHe-
IITT50 BXO{MIIO TOJDLKO I, B APYTYI0 — TOJIBKO ¥, B 3aTeM NPOMHTEIPHU-
posaTh ofe gacTm.

Ilpm nenemmu ofemx uacTeil ypaBHEHHs Ha BHIPaKeHHe, COJep-
jKallee HEU3BECTHEHI® I W Y, MOTYT ObITh LHOTEPAHHI pEmMeHHs, 00-
paljalomue 3T0 BHIPa;{eHUEe B HYJD.

IIpumep. Pemurs ypasneuue
' +1=y. (3)

ITpuBogum ypasHenme K supy (2):
dy
22yt =V 1; z%ydy = (y —1) d=.
Nenum o6e wactu ypasuenus na z2(y — 1):

2
y dx
=

Ilepemennrie pa3penensl. HTerpmpyem ofe uyacTH ypaBHEHHA:

2 dz  y* - 1
Yy v = L 1 — —_— .
Loa= % GHvHmly—ti=—240C

Ipu pemeuny na z?(y — 1) Morau OBITH LOTEPAHH pPemEHHST
t=0u y—1=0, 1. e.¢ y=1. OueBugHO, y = 1 — pemenne
ypaBueuns (3), a 2 = 0 — ner.

2. VYpasnenusn Bupfa y’ = f(az -+ by) npuBojsaTCA K ypaBHe-
HUAM ¢ Pas’fessIoUUMUCH [CPCMCHOBIMM 3aMeHOH z = az | by
(way s = az + by + ¢, rae ¢ aoGoe).

B samauax 51—65 pemurs maunble ypaBHeHHA W IS
Ka{[[0T0 M3 HMX TOCTPOMTH IECKOJIBKO WHTErpalbHBIX
xpuBbix. Hajitm TaxKe pellleHus, yHOBJIeTBODsOINEE Ha-
yaJIBHEIM YCJIOBEAM (B Tex 3afavax, IAe YKasaHsH Ha-
JaJbHEIE YCIOBHA).

Sl.zydx+(z+1)dy=0. 52. Vy?+1dz=zydy.

93, (z2—1)y"+2zy>=0; y(0)=1.

54. y'ctgz+y=2; y(xn/3)=0.

55. y' w3V 7% y(2) =0.56. 2y’ +y=y% y(1)=0,5.

57. 22%yy’ + yt=2. 58. y’ — zy?=2zy.
59. ¢ (1+ g) —1. 60 2/ =10%+.
61.x%+t=1. 62. y’' =cos(y —x).

63. y'—y=2r—3.
64. (z+2y)y'=1; y(0)=—1.
65. y' =V4x+ 2y —1.



B samavax 66—67 maiitm pemenws ypaBHeRmii, y0B-
JIeTBOPATONIIC YKABANNKM YCIOBHAM IIPI X —> oo,

66. 22y’ — cos 2y =1; y(+o)=9n/4.

67. 3y%y’ + 16z = 2zy3; y(z) orpammuero npu z —
— oo,

68. Haiitm opToroHaJpHbIE TPAeKTOPWH K JAHHUAM clie-
aylomux cemeiicts: a) y=~Cz? 6) y=~Ce; B) C2’+
+y?=1

B samagax 69* m 70* mepemennsbie pasmelisloTcsA, Lo
HOJy4aeMbIC IIATETPANBL MC MOTYT OBITH BHIPAsKEHBI uepe:s
smemenrapusie gyukruu. Ogmaxo, ICCIEOBAB HX CXOiT-
MOCTb, MOYKHO J1aTh OTBET HA IOCTABJEHHBIE - BOIPOCHL.

69*. IlokasaTh, uTO Kask[gas WHTErPAJbHAS KpHUBAS

3 2
y 1
ypaBmenus y’ = l/ 4i1 IMeeT [iB¢ TOPH3OHTAILHBIC
I
ACHMIITOTBI.
70*. McciemoBaTh TOBCJEHIIEC HMHTETPaJbHBIX KPUBBIX
’ In(14y)
ypaBHeHHs Y = |/ —_-———= B OKpeCcTHOCTII Hauama Ko-

opanHAT. Hoxaaa'rb, YTO W3 KayKJ0H TOYKH rpaHNOBL HICp-
BOIr0 KOOPAHMHATHOTrO YrJia BBIXOJUT OJHA HWHTErpajdnnasa
KpruBasd, OPOXOoaAIasa BHYTPH 3TOr0 yrJa.

§ 3. TEOMETPHYECKHE N ®PU3NYECKHAE 3ATAYHA ')

1. Yro0Ll pewlmTh LPHBOJCHHEe HWMKEe FeOMOTPHYECKHe 3aja-
9d, HAJO0 MNOCTPOATH 9YepTek, 0003HAUMTH HMCKOMYI0 KDHBYIO Uepe3
y = y(zr) (ecam 3amavya pemaeTcs B IPAMOYTOJABHEIX KOOD/HHA-
Tax) W BHIPA3WTh BCe YINOMAHAeMBIe B 3ajiade BEJIHYHHLI depe3 Z,
y m y’. Torga maHHOe B YCJIOBHE 3a/auidl COOTHOIIEHUe IpeBpa-
maercs B Auddepernuanbaoe ypapHEHHe, A3 KOTOPOr0 MOKHO Haii-
TH HCKOMYI0 pyHKOmo Yy (T).

2. B ¢m3mueckux 3ajavax HAMKO IPEKAe BCEr0 PEMHOTh, KAKYIO
H3 BeJWYZH B3ATH 3a HE3aBHCHMOE IIEPDEMEHHOE, a KaKylo — 8a HC-
KoMy (yHKOmIo. 3aTeM HajJ0 BHIDasUTh, HA CKOJIBKO H3MEHHUTCHA
HCKOMas (YHKOUs y, KOra HE3aBECEMOE IEPEMEHHO® z MOJNYIHT
npupamenne Az, T. e. BEIDa3nTh Pa3HOCTH y(z - Az) — y(z) gepes
BEJIMYMHEL, O KOTODLIX FOBOpHTCA B 3amade. PasmenmB 3Ty pas-
HOCTb Ha Az m mepeiinsi kK mpepeay npa Az — 0, noxysam nuadde-
PeHNuaNbHOe YpaBHEHHE, H3 KOTOPOrO MOKHO HAWHTH HCKOMYIO
dyrknuio. B GompmuHCTBE 3a7]a9 COIOPKATCA YCIOBHS, C TOMOIIBIO
KOTODBHIX MOKHO ONpPENEJIATHh 3HATEHMsI MOCTOSHNEBIX, BXOJAMUX B

) Bce samaau sToro naparpada CBOMATCA K YpaBHEHWSM C
Pa3fieAIOIUMHUCS 1TePeMCIHBIMA. 3ajadn, NPUBOAAIAECT K ypaB-
HeHusaM JAPYrax THMOB, MOMHO NMAiiTH B COOTBETCTBYIOUIMX mapa-
rpadax. HeolGxommmpie juist pemmenust 3ajad 3Hauenus NOKa3aTelh-
noit gyngmm n gorapudsos Moo 6paTh w3 TaGJAHIBI B KOIIE
3aavuHiKa. :
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o6mee pemenme pupdepeEnmamsEOro ypasHenmsa. Umorma madde-

PEHIUAIBHO® YPAaBHEHHE MOKHO COCTABHTH 00jiee HPOCTHIM NIYTeM,

BOCIOIb30BABIMKUCH (PU3MIECKAM CMEICIOM LPOM3BOJHOH (ecadm He-
d

¥
3aBHCHMOe OepeMeHHO® — BpeMd I, TO ;:l_t €CTh CKOPOCTh H3MEHe-

HEA BOJIHYAHE V).

B HeKOTODHIX 3afiadyaX NIPH COCTaBIEHAA YPAaBHEHHS CIEAYeT
MCIOJB30BaTh (PH3MIECKH® 3aKOHH, CHOPMYIUpPOBAHHEIE B TOKCTO
mepep 3ajavueil (MaM mepex rpynnoi 3ajfad).

IIpumep. B cocyn, comepaamumit 10 a1 Bojs, HEOpepHIBHO
HOOCTyHIaeT €O CKOPOCTH0 2 JI B MHHYTY PAacTBOD, B KasKIOM JATPe
xoroporo copepskurca 0,3 kr conm. Iloctymalomuii B cocyy pacTBOp
mepeMemnBAeTCA ¢ BOROH, M cMeCh BHITEKA®T M3 COCYAa C TOH e
CKOpOCTHI0, CKOJIBKO COMM OYHET B COCYAe 4epe3 5 MEHYT?

Pemenrnme., IlpuMeM 3a He3aBHCHMO® IEPEMEHHO® BpeMs f,
a 3a HCKOMYI (YHKOHIO y({) — KOIEIECTBO COAH B COCYAe depe3 &
MEHYT @IOCJIe Hauaja omuTa. HaiifeM, Ha CKOJBKO H3MEHHTCA KO-
JIAYEeCTBO COJIH 3a IPOMEKYTOK BDEMEHH OT MOMEHTA ! /[0 MOMEHTA
t 4+ At. B ogry MuEyTy mocrymaer 2 J pacTBOpa, a B Al MHHYT —
2At putpoB; B aTMx 2At¢t amrpax copepskmrea 0,3 - 2At = 0,6A¢ kr
conr. C apyroit cTopoHH!, 3a BpeMsa At m3 COCyAa BHTEKaer 2At JHT-
poB pacrBopa. B MomenT ¢ BO BceM cocyme (10 x) copmepskmTCA
y (t) Kr coxu, CI6fA0BaTeAbHO, B 2Al JIATPax BRITOKAIOIIEr0 PacTBOpa
copepskaxoch Onr 0,2At - y(t) kr comu, ecim Onl 3a BpeMsa At co-
Jlep;RaHEe COJMW B COCyAe He MeHsanoch. Ho Tak kak 0HO 3a 8TO Bpe-
Ms MEHseTCs Ha BeaudImEy, Oeckomeuno Manyio mpm At— 0, T0 B
BHTeKalomux 2At amrpax copgepxmrca 0,2At(y(t) 4 @) kr coawm,
rpe o — 0 opr At — 0.

Hrak, B pacTBope, BTEKalOIeM 3a HPOMEKYTOK BpeMeRH (i,
t 4 At), comepaxuarca 0,6A¢t xr comm, a B BHTexaomeMm — 0,2At X
X (y(t) + @) wr. IlpmpameEme KoOJW4eCcTBA COJNHE 3a 39TO BpeMdA
y(t+ At) — y(t) paBHO pasHOCTH Hai/IeHHLIX BeJIdYdH, T. €.

y(¢+At) —y(t) = 0,6At — 0,2A¢ - (y(¢) + @).

Pasgeamv Ba At m nepeiifeM K mpepmexy mpu At— 0. B meBoii wa-
CTH MOJyuyHTcA Npom3BogHas y’(t), a B mpaBoit moaxyymm 0,6—
— 0,2y (t), Tak Kak o — 0 mpm At— 0.

Urak, umeem jmpdepennmansaoe ypasmenume y’(t) = 0,6 —
— 0,2y (). Pemaa ero, 1oayaaM

y(t) = 3—Ce™%%, 0

Tak kak opm ¢t = 0 comm B cocyae He 6o, T0 y(0) = 0. Ilonaras
B (1) t =0, Baiipem y(0) =3 —C; 0 = 3—C; C = 3. Tloxcras-
aaa aro spavenue C B (1), moayumm y(t) = 3 — 3e~%2%. Ilpm ¢t =
=5 B cocyne OGyner

y(5) = 3—3e~%25 = 3— 3¢~! ~ 1,9 kr coxnm.

71. Haiitm xpuBHle, I KOTODPHIX HJOMIafb TPeyroib-
HUKa, 00pasoBaHHOIO KacaTeJbHON, OpANHATOI TOYKA Ka-
caHUA U Ocblo abcmuce, eCTh BeJNYWHA IIOCTOAHHASA, PaB-
Has a’

72. Haiitm xpuBble, A KOTOPHIX CyMMa KareToB Tpe-
yTOJIBHHKA, MOCTPOEHHOr0 Kak B OpefbIgymeil 3ajaue,
ecTh BeJMYMHA IOCTOSHHAA, paBHAA b,
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73. Haittu xpuseie, oOsagaomue CJAeIyOMHAM CBOi-
CTBOM: OTpe30K ocu abcOomcc, OTCeKAeMBIH KacaTelIbHOM
A HOpPMAalJblo, TPOBEJCHHHIME W3 TPOU3BOJIHHOH TOUKH
KPHBOii, paBex 2a.

74, Haiitu KpuBble, y KOTOPBIX TOYKAa TIePECEUICHUA
nioboit KacarenbHOlT ¢ ocklo abcmucc mMeer abcmmecy,
BJIBOC MEHBHIYIO aGCIMCCHI TOUYKM KacaHMsI.

75. Haiitm KpuBble, objamaolnue CclIefyloOMuM CBOii-
CTBOM: eciim 4epe3 JIO0yI0 TOYKY KPHBO# IpOBeCTH Mps-
MEIe, TapaJliielbHEIE OCSIM KOODAUHAT, MO BCTPEYH C ITH-
MH OCAMH, TO NJIOIAAb IOJYYEHHOTO UPSIMOYrOJbLHAKA
JeraTca KpaBoit B orHomeHn® 1: 2.

76. Hajitn kpuBEHIe, KacaTelbHEIE K KOTOPHIM B Ji060#
TOYKe 00pasyioT paBHBEIE YINIEI ¢ IOJNADHBIM DAfMycoM X
OOJIAPHOA OChIO.

B sagauax 77—79 cuurarb, 9T0 BTeKalomuil ras (mam
JKMTKOCTH) BCJIECTBAC NEePeMELIHBAHMA pacHpefelnseTcs
oo BceMy 00'beMy BMECTILIHINA PAaBHOMEPIIO.

77. Cocynt o6memom B 20 x comepsxnt Bozmyx (80 %
azora n 20 9% xmcaopona). B cocyn Breraer 0,1 a1 asora
B CCKYHJY, KOTOPHII HEMPEPHIBHO IICPEMEMINBAETCS, U Bhi-
TEKaeT TaKoe JKe KOJM4ecTBO cMecH. Uepea CKOJBKO Bpe-
Menu B cocyne Oymer 99 % asora?

78. B Gaxe maxomurcsa 100 n pacrBopa, comepskamero
10 kr conm. B Gak mempepsiBHO mopacTces Bofia (D 1 B MH-
HYTY), KOTOpasi TIEPeMEINABAETCSI ¢ MMEIOMMMCH PacTBO-
pom. Cmecr BmITeKaeT ¢ Toii ke cKopocThlo. CKONBKO
conu B GaKke OocTaHETCS depe3 dac?

79. B Boamyxe xommatel o6bemom 200 M3 comepskuTea
0,15 % yraexucsoro rasa (CO:). Bemtmiasmma momaer B
munyty 20 M3 Boamyxa, comepskamero 0,04 % CO,. Yepes
Kakoe BpeMs KOJMYeCTBO YTJIEKACIOr0 rasa B BO3MyXe
KOMNAaThl YMEHBIIATCA BTPOE?

B samauax 80—82 mpumsaTh, UTO CKOPOCTH OCTEHIBAHMA
(mnm marpeBammA) Teja TIPOTNOPIHOHAIHHA PA3HOCTH TEM-
nepaTyp Teja W OKpYsKaIOmeH Cpefsl.

80. Teno oxaammmocs 3a 10 mmm or 100°C mo 60 °C.
TemmepaTypa OKpy:;Kaimero BO3AyXa IOAAEeP/KUBACTCS
pasroit 20 °C. Korga Teno octermer mo 25 °C.

81. B cocyn, comepsxammii 1 Kr BogmI mpum TeMmepa-
type 20°C, omymem ajOMAHHeBHII IpeIMeT C Maccoi
0,5 xr, ypeanmoit TemioeMmrocteio 0,2 m TeMmeparypoit
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75 °C. Uepes munyty Bofga Harpesaachk na 2 °C. Korga Tem-
mepatypa BOAB W mpeaMmeTa OyAyT OTJIMUYATLCA OfHA OT
npyroit Ha 1°C? IlorepsiMm Temna ma HarpeBaEHe COCYJA
¥ TIPOUMMU NpeHeOpeys.

82. Hycox MeTamia ¢ TeMmepaTypoii a TpagycoB IO-
MeImeH B IleYb, TeMIeparypa KOTOpOil B TedeHHe 4daca
PaBHOMEPIIO IOBHINIAETCA OT @ TPAfycoB 0 b rpamycos.
Ilpn pasmoctu Temmeparyp meunm m Meraiia B T rpamy-
COB MeTAJJ HarpeBaerci co ckopocrtbio kT rpajycoB B
munyty. Hafitnm TeMmepatypy Merania uepes wac.

83. Jlogka saMepniser cBoe OBI)KEHHe IOX HeHCTBREM
CONPOTHUBIEHAS BOJBI, KOTOPOE UPOHOPIMOHAIBHO CKOpO-
cru noxkm. Havampmas ckopocts Jdomkm 1,5 M/c, uwepes
4 ¢ cropocts ee 1 m/c. Korma ckopocts ymembpmmTes
mo 1 cm/c? Kaxoit myTh MoeT HpoiTH JIOfKAa [0 OCTa-
HOBKH?

B samawax 84—80 wmcmousn3oBaTh 3aKom pPagMOaKTHB-
HOTO pacmajia: KOJHMYeCTBO paJMOaKTHBLOIO BeIlecTBa,
pacmajaolerocs 3a eJUHNANY BPEMEHH, IPOIOPIHOHANLHO
KOJIMYECTBY BTOrO BEINECTBA, MMEIOIMEMYyCS B paccMaTpli-
BaeMbIfI MOMEHT.

84. 3a 30 mmeit pacmanocs S50 Y mepBoHAYATILHOIO KO-
AmYecTBa PAJUMOAKTHBHOTO BemecTBa. depes CKOJBKO
speMenn ocramerca 1 9% or mnepBoHavambHOTO KOJNH-
uyecrBa?

85. CornacEO ompITaM, B TEUEHHIC TOAA M3 KaXKIOTO
rpamma papasa pacnagaercsts 0,44 mr. UYepes cromnko
JICT pacmajieTcsi IOJOBHHA UMEIOHIErOCs  KOJIHMYCCTBA
paansa?

86. B wumcciaemoBanmoM KycKe TOPHOH TIOPOMBI COEp-
murcesi 100 Mr ypama m 14 mr ypamoBoro cmmuma. W3-
BECTHO, YTO YPAaH paclajaercs namojosuny 3a 4,5 - 109 ner
W uro npm monHOM pacmage 238 r ypama o6Gpasyercs
206 r ypamosoro csuana. OmpefeiHTH BO3pacT IOPHOH
nopoppi. Cunrars, uTo B MOMEHT 00pa30oBaHHs ropHas IO-
poga He coflepskalia cBHHlL@, ¥ Tpexefpeub HaINIMeM
IPOMEXYTOUHBIX PAJMOAKTHBHBEIX NPOJYKTOB MEKAY ypa-
noM M CBHHNOM (TaK KaK OHH pAacClaJ]AloTCA HAMHOLO
GricTpee ypana).

87. KonmaecTBO cBera, IOIJIOIaeMoe CJI0EM BOJLI Ma-
JI0H TOJIMAHEI, IPOTOPIAOHANBLHO KOJITUECTBY MaJaloIlero
ma mero cBera W Toiamumue cioa. Croit BOABI TONOTMHON
35 cM MOrJOMmACT IIONOBHNY MAAIONIEr0 Ta Mero CBEeTa.
HKaxkyo wacTh cBeTa IOINIOTHT CJIOH TONMHHOH B 2 M?
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Jlna cocraBienns auddepennuansnoro ypaBHeHns B
zanauax 88—90 sa memsBecTHyw PyuKuHUO yao6HEE B3ATH
CKOPOCTb. YCKODEHHE CHIBI TSKCCTH CUYMTATh PABHBIM
10 m/c.

88. ITapamormer npwirmys ¢ Beicotsl 1,5 KM, a pac-
Kpbul mapamior Ha BeIcOoTe 0,5 kM. CKoJLKO BpeMeHHn oH
najal [0 PpackpeITEA mapamiora? MsBectHo, uTo mpe-
ACIbHAA CKOPOCTH HAJIGHUS YeJOBEeKa B BO3MyXe HOPMAJb-
noit miuoraoctm cocraBiager 50 m/c. VsMeHenMeM IIOTHO-
cTE ¢ BHICOTOM mpene6peus. CompoTWBIeHHe BO3[yXa
NPONOPOUOHANBHEO KBAIpaTy CKOPOCTI.

89. dyr6oapnnit Mau Becom 0,4 kI'') Gpomen BBepx
co cxopocteio 20 M/c. ComporuBienme Bo3qyxa IpOMOp-
ONOHAJTHHO KBafmpaTy ckopoctu u pasHo 0,48 T mpum cko-
pocta 1 m/c. Briumeamrs Bpems mogbeMa Msua W Had-
GOJBIIYI0 BHICOTY MOABEMAa. HaK M3MENATCA 3TH Pe3yib-
TaTH, €CIHU TpeHeOpeysh CONPOTHBJIENNCM BO3AyXa?

90. Boumenuts BpeMs majeunsi Msua ¢ BoeIcOTH 16,3 M
(e3 HAYANBLHON CKODOCTM C YUYCTOM COIIDOTHBICHUS BO3-
nyxa (cMm. sagauy 89). Haiitm ckopocTs B KOoHIE majeHusd.

B sagauax 91—95 npumsts, 9to JKAKOCTh W3 COCVA
BHITCKaeT cO CcKopocteio, paBmoit 0,6Y2gh, rme g=
=10 M/c? — ycKopeHHme CHJIH TAMKECTH, h — BEICOTA YPOB-
111 BOXBI HAJl OTBEPCTHEM. _

91. 3a Kakoe BpeMsa BHITEYET BCA BOJA W3 MUAIAHADPH-
geckoro Gaxa ¢ jgmamerpom 2R =1,8 M u Buicotroit H =
= 2,45 M uwepes orBepcTHe B JHE AUaMeTpoM 2r =06 cM?
Ocp muinpgpa BepTHKANBIA.

92. Pemmits mpepsiymyio 3agauy B IPEANOJNOMKeHHT,
YTO OCh MUJIMHpPA PACHOOJOKena TOPHW30HTAJBHO, & OT-
BepcTAE HAXOMUTCA B CaMoil HIDKHe!l JacTw NUINHADA.

93. Iunmunaprueckunii Gaxk HOCTaBIeH BepTHKAIbHO W
AMeer oTBepcTHe B AHe. IloM0BMHEA BOAH M3 MOXHOro 0aka
BHITEKAaeT 3a 5 MEHYT. 3a Kakoe BPeMs BHITeYeT BCA BoAa?

94. Boponka mMeer dopmy KomHyca pamuyca R=6 cm
n Beicotst H =10 cM, ofpamenHoro BepmuHONW BHHA3. 3a
KaKoe BpCMsS BHITEYeT BCS BOa W3 BODOHKH depe3 Kpyr-
noe orsepctue nuamerpa 0,5 cM, clelanHOe B BepLIMEHE
Komyca?

95. B npsmoyronnauit 6ax pasmepom 60 cM X 75 cm
n Beicotoit 80 cM mocrymaer 1,8 x1 Bouel B cexynny. B nne

') Oprears 4 kT = 10 H.
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mMeeTcsa OTBepCTHe mwiomansio 2,5 cu?. 3a Kakoe BpeMs
HanmonHutca Gak? CpaBEHTH De3yJbTaT ¢ BpeMeHeM Ha-
ToJIHEHMs TaKoro 0axa 0Oes oTBepcTHA B JHE.

96. PesumoBmii mmyp mammoi B 1 M mom meficTBmeM
cunsl f ypamaserca Ha kf merpoB. Ha ckombko ypamant-
cA TaKo# jKe WHYD MIMEEI [ m Beca P moj peficTBEeM
CBOEro Beca, ecliA ero MOJBECHTDH 34 OJUH KOHeI[?

97. Haiitm atMocdepHOe naBlIeHWe Ha BEICOTe h, ecin
Ha NOBEpXHOCTH 3eMid nasieHme paBHo 1 kI'/em? m mioT-
vocthe Bosmyxa 0,0012 r/em®. WcmonnsoBaTh 3akom DBoii-
a5 — MapmoTra, B CHUIy KOTOPOTO IJIOTHOCTH IIPOIIOPI[AO-
HalbHA faBieHuio (T. e. mpeHeOpedYr W3MeHEHHEM TeM-
neparypsl BO3AyXa C BBICOTOM).

98. Jlusa ocTaHOBKA PEYHBIX CYAOB y OPHCTAHW C HHX
OpocaloT KaHAT, KOTOPHIH HAMATHIBAIOT HA CTOJG, CTOA-
mnii Ha mpucragn. Hakas cmia Gymer TOpMOSHTEH CygHO,
ecJH KaHaT JejlaeT TPM BHTKA BOKPYr croxba, Koaddu-
IWeAT TPeHUSA KamaTta o cToinb paBeH /3, m paGoumit Ha
IpHCTAaHU TAHET 3a CBOOONHBIA KOHeN KaHATa C CHJION
10 =I'?

99. B 3akpeiToM moMeieHAHm o6beMoM U M® HaXOmuT-
cA OTKpHITHIA cocyx ¢ Bofmoii. CropocTs McmapeHUs BOJH
NpPOLOPUUOHANBEHA PA3HOCTH MCKAY KOJIHMYECTBOM (| BO-
JaRoro mapa, Hachimalomero 1 M® Bosgyxa mpm nmamHO#R
TeMIepaType, M KOJMYECTBOM ¢ BOJSHOIO mapa, HMeEo-
memcsi B 1 M® Boayxa B paccmarpumBaeMsiii MoMenT (Cum-
TaeM, UTO TeMIeparypa BO3qyXa W BOJbI, & TaKMKe Beld-
YMHa IJOMIA[H, ¢ KOTOPOIl TMPOHCXORUT MCHapemme, OCTa-
joTcs HeM3MenHBIMH). B HavanbHBIL MOMEHT B cocyfie
6ut0 mo rpaMm Bofisl, a B 1 M3 Bosayxa o rpamm mapa.
CKoJIbKO BOJBI OCTAHETCA B COCY/e dYepe3 IPOMEKYTOK
BpemenRn t?

100. Macca pakeTsl ¢ HOJHBIM 3aIlacOM TOIJIABA paB-
ma M, Ges rTomimBa m, CKOPOCTh WMCTEYEHWSA HPOMYKTOB
ropenus W3 PaKeTH PaBHA ¢, HAYAJbHAS CKOPOCTH PAKETHI
paBHa mymio. HaiiTH crOpocTh paKeTsl IOCHE CrOpaHWSA
TOIJIMBA, IpeHebperas CHJIOH TAKECTH W CONPOTHBIEHHEEM
Bosnyxa (dopmyna ITmomkosckoro).

§ 4 OXHOPOIHBIE YPABHEHHA

1. OnEOpORHHEe ypaBHEHHA MOTryT GHITL 3aNHECAHH B BUAe Y =
=f % , a Takwe B Buge M(z, y)dz+ N(z, y)dy =0, rne
M(z, y) u N(z, y) — opaopopanie ¢yernum oguOR m TO& sKe cTe-
14



mean '), Uto6H pemnTh OAHOPOAHOE yDABHEHHE, MOYKEO CHEIATh
3aMeHy y = iz, IIOCjIe 4Yero IoJydaeTcsi ypaBHEHHE C pa3felsdio-
LUMUCS TIepeMeHHBIMA.

llpusmep. Pemurs ypaBEeBue z dy = (z + y)dz.

JT0 ypaBHeHue — opfgopoaHoe. Ilonaraem y = tz. Torpga dy =
=t dz + z dt. IlogcTaBass B ypaBHeHue, MOJYy1HM

z(zdt 4 tdz) = (z + tx)dz; zdt = dz.

Pewnaem molydeHmoe ypaBHEHUE ¢ PAasfeldAOMIMMICS [€PeMEeHHbIMA

dz
dt=—; t=1Inlz|+C.

BosBpamasco K cTapoMy mepeMeHHOMY y, noayunm y = z(In|z| 4
-+ C). lKpome Toro, uMeercsa pemeHune x = U, KeTopue ObLIO LOTE-

PAHO OpH AeJeHMU HA .
az byt
A 17 pEBOANTCA K
T4 by +c

OJHOPOJHOMY C IIOMOIIBI0 HEpPeHOCAa Hadaja KOOPAMHAT B TOYKY
nepeceyenus npaMeix az +by+c=0 1 a;x+ by + ¢, = 0. Ec-
JIM jKe YTU NpsAMble He IepeceKalTcsa, To a1z + by = k(ax + by);
clej0BaTelbHO, ypaBHeHue umeer BHJ y = F(ax + by) m npm-
BOJUTCA K YPaBHEHMUIO C Pa3[edsAIoI[MMACSA HepeMEeHHBIMH 3aMeHOM
z=azx+ by (mu z=ar+by+c),cm. § 2, o 2.

3. HekoTopble ypaBHeHHMsi MO}KHO NPHBECTH K OJHODORHBIM 3a-
Menoit y = z™. Uucao m o0OpI1HO 3apaHee Hem3Bec1HO. UToObI ero
HailTH, Hajl0 B ypaBHEHHUH CHeJaTh 3aMeHy y = z™. Tpelys, uToOH
ypaBuenune ObUIO OJHOPOAHBIM, HAIIeM YMCIO m, €CAU ITO BOZMOMS-
o, Eciu e sToro cpenarth Hejlb3sa, TO ypaBHEHHe He IPHBOJ(HTCA
K O/IHOPOJIHOMY 39TUM CLHOCO0OM. '

Ilpumep. Jlamo ypasuenme 2z'yy’ + y* = 428 Ilocime 3a-
MEHBI y = z™ ypasHEHNe npuMeT BUR 2mziz?™=1z’/ 4 z4m = 425 310
ypaBHeHHe Oy[eT OfHODONHMEIM B TOM Cilydae, KOrja CTENeHH BCOX
€ro WIEHOB paBHBI MEKAY coGoif, T. e. 4+ (2m — 1) = 4m = 6.
OTH paBeHCTBA YAOBJIETBODAIOTCA OAHOBPEMEHHO, eciam m = 3/2.
Cie0BaTeIbHO, yPaBHEHH® MOKHO HPHBECTH K OAHODOAHOMY 3a-
MeHO# y = z%/2,

2. VpaBHeHUe Buja Y = f(

Pemurs ypasmenns 101—129,

101. (z+2y)dz—xdy=0.

102, (z—y)dz+(z+ y)dy=0.

103. (y?—2zy)dz+ 2%dy =0.

104. 22% =y (22> —y?). 105. y?+ %’ =zyy’.
106. (z*+y%)y =2zy. 107, oy’ —y —=ztgl.
108. zy’ =y — zev'~.

109. zy'—y = (z + y)In 1_1—_!

10, zy’ =ycosin L. 111, (y+ Vzy)dz =z dy.

) Oysknua M(z, y) HasmBaeTcAa opHOpoAHOH (pyHKNHMeir cre-
peHu r, ecad i scex k > 0 mmeem M (kz, ky) = k"M (z, y).
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112, zy’ =Vz2— ° +y.

113. (2x——4y+6)dx+(x+y—3)dy=0.
114, 2z+y+1)dz—(4z+2y—3)dy=0.
115. c—y—1+(y—x+2)y’ =0.

116. (z+4y)y' =2z + 3y — 5.

117, (y +2)de =2z + y —4)dy.

' 2 )
e, v =2 ().

‘ y+z_yt=
119. (y'+1)lnz_l_3 z_|_3
_y-|—2 y—2.1:
120. y’ z+1+ tg
121, 23(y' —z) =y 122, 22%y" = y® + xy.
123, 2z dy + (2%y*+ 1)y dz =0.
124. ydz+ z(2zy +1)dy =0.

125. 2y +z = 4Vy. 126, y’ =y2_;22,
127, 2zy’ +y = y*Vz — 22y%
128, 2 zyy' =Vt —ypt + y2

129. 2y +(2%y +1)zy’ =0.

130. HaitiTe TpaexkTopmHd, mepeceKamom(me KpHBHE AaH-
HOTO ceMelicTBa IO YrjioM B 45°, mpHueM 5TOT Yroa OT
KacaTeJqpbHON K KDHBOL /10 KacaTeIbHOl K TpPaeKTopuu
OTCUHTHIBAETCA B OTPUIATENbHOM HAIPABJICHHM.

a) y=zInCzx; 6) (z— 3y)*=_CxyS.

131. Haiite kpuByI0, y KOTOpOil TOYKAa TepeceYeHHs
110001 KacaTeJIbHO! ¢ OCHI0 abCIUCC OJIMNIIAKOBO y[AajJeHa
OT TOYKHM KACaHWUS M OT HAYajJa KOODJAUHAT.

132. Haiitu xpuByI10, y KOoTOpO#l paccrosiHme J060i
KacaTeJbHOII OT Hawuaja KOODAMHAT paBHO alcmmcce TOd9-
KM KacaHms.

133. IIpu xaknx o m B ypaBmemme y = az®+ by® mpum-
BOAUTCS K OJHOPOZHOMY C IOMOIIBIO 3aMEHbI

y=2zm

134*. Ilycrs Qymrnus f(k) mempepwsiBHA U Y = koxr —
pemenue ypaBrenus y = f(y/z). Ilokasars, uTo:

1) ecum f'(ko)<<1, To HM OfHO M3 JAPYTHX pelleHMit
He Kacaercs mpsMoil y = kor B Havale KOODJAWHAT;

2) ecau f'(ko)>>1, To sroit mpsaMo#t Kacaercs Gecko-
HEYHO MHOTO peIlentil.
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135. Hauepruts nmpuOamKeHHO HMHTerpaidbHEIE KDPHBEIE
clIeAyIoMuX ypPaBHEHUIl (ue peuras ypaBHEHHIt):

;Y Ry—2). . P2t
a) Yy _—_.1:2—’ 6) Yy —-—'——‘zy )
Ry & AN s
DY =gy W=yt v+

VYraszanue, Tanrenc yria Mempy AyIoM y = kx ¥ mepece-,
Kameil ero WHTErpajibHOIL KPUBOil ypaBHeHusa y’ = f(y/z) paBed
(f(k) —k)/(1 + kf(k)) (mouemy?). Jlaa npubamsxeHHOro MHOCTpOE-
HBAA WHATErpalbHBEIX KDPHBBIX HAJ0 HMCCHAEJOBATHL 3HAK 3TOH Hpobm
B 3aBHCHMOCTH OT £. ’

§ 5. JUHENHBIE YPABHEHHUSA IEPBOIO HOPAJIKA

1. YpaBHenu®

¥y +a(z)y = b(z) (1)

HA3HIBaeTCA JHHEHAAEIM. UToGH ero pemmuTh, HAfO CHAYAJA PEMIHATH
ypaBHEHHO

y+a(z)y=0 (2)

(sT0 memaercs myTeM pasfieNeHAs HEepPEeMEHHEX, cM. § 2) m B 00-
ImeM pemeHAM HOCHeJHOr0 3aMEHHTH HNPOU3BOILHYI0 HOCTOAHHYIO
C Ha HeusBecTHYI0 pyaxmuio C(z). 3aTeM BHpaKeHZe, NOJYIOHHOe
IaA y, NOACTaBUTH B ypaBmenme (1) m Balitu gysrmmio C(z).

2. HekoToprie ypaBHEHH: CTAHOBATCA JIHMHEHBEIME, €CIZ IIO-
MeHATH POJAMHA ACKOMYIO PyuKouio 1 He3aBucAMoe mepemennoe. Ha-
opuMep, ypaBHEeEme y = (2z + y3)y’, B KOTOpOM y ABIAeTCA PYHK-
gueil oT x,— HeJmHEHHOS, 3anmmeM ero B faddepernnanax: y dr —
— (2z + y®)dy = 0. Tark Kak B 3T0 ypaBHeHH® z W dz BXOJAT JH-
HeiiHO, TO ypaBHeHHe OyjeT JHHEHHEIM, €CIH z CIYATATH HCKOMOW
dyskOnei, a y—-HeaaBucnmmn‘«i IepeMeEHBIM, JTO yPaBHEHH® MO-

z
JKeT OBITh 3amMCAHO B BHJE W7 V¥ om pemaeTcs aHajo-
rAvHO ypaBHeHHIO (1).
3. Uro6nl pemuTh ypaBHeHNe BepHyIIH, T. e. ypaBHEHH®

¥y +a(z)y=>b(=)y" (n~1),

Hao 00e €ro YacTW pasmeadTh B3 y™ M cHeNaTh 3aMeRy 1/y"~! = z,
ITocte 3aMeHHI MOJIYYaeTCs JNAHEHHO® yDABHEHWE, KOTOPOE MOMKHO
pemnTh HM3JIOKEHHLIM BeIme cmocoGom. (IIpmmep cm. B [1], ru. I,
§ 4, o. 2, mpumep 10.)

4, Ypasaenge Pzrwarm, T. e, y’ +-a(z)y + b(z)y? = c(z), B
ofmem cirydae He pemaerca B KBagparypax. Ecam ke maBecTHO
OJHO YacTHOe pemeHmO y;(z), TO 3aMeHOIl y = y,(z) 4- z ypasHe-
HAe PUKKaTH CBONUTCA K ypaBHEHHI0 BepHYNIHm u Takum 00pasoM
MoOkeT OBITH pemeHO B KBaJpaTypax.

WNBorpa gacTtHOe penieHme yHaeTcs momo0paTh, HCXONA M3 BANA
ceofonmoro wieHa ypaBReHAs (WieHa, He copepskamero y). Hampu-
mep, fuist ypasneaus y’ 4+ y? = 22 — 2z B ueBoil wactE Gymyr wuie-
HEI, mopo0mbBle ujIeHAM TNPaBOMl 9YacTH, €CIHA B3ATH Yy = ar - b,
Mopcrasnsist B ypasueHue ¥ OpApaBAMBasg KOIPQUIEEHTH npu Ho-
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RoGHBIX WIEHAX, HalieM a W b (ecil: 9acTHOE PemIeHHe YKAa3aHHOIO
BHEJIa CyMmeCTBYeT, YTO BOBCO He Bcerga OnBaer). J{pyroii mpmmep:
pasa ypasEeEHA y’ + 2y% = 6/2% Te Ke pPACCYMK[IEHHA HOOYMKAAOT
HAC HCKAaTh YacTHO® DemeHHe B BHAE y = a/z. IlojcTaBids y =
= a/z B ypaBHeHHS, HAiiJeM MOCTOAHHYIO a.

Pemnts ypaBmenma 136—160.

136. zy’ — 2y = 2z*. 137, (2z+ 1)y’ =4z + 2y.
138. y' +ytgz=secx. 139. (zy+e*)dr—xdy=0,
140. 2%y’ +2y+1=0. 141. y=z(y —=zcosz).
142, 2z (2 +y)de=dy. 143. (zy’—1)lnz=2y.
144, zy’ + (z+ 1)y = 3z%~=.

145. (z+y?)dy=ydz. 146. (2¢"—2z)y’ =1.

147. (sin’y+zctgy)y =1.

148. (2z+y)dy=ydz+4Inydy.

149. y'=3z_y_yz' 150. (1—2zy)y' =y(y—1).
151. y' + 2y = y?e~. 152, (z+1) (y' +y?)=—y.
153. y' =y*cosz + ytg z.154. zy%y’ =22+ 5.

155. zy dy = (y2 + z)dz. 156. zy’ — 222Vy = 4y.

157. zy’ + 2y + 25y%e* = 0. 158. 2y’ — —:;- =Y

2t —1

159. y' 23siny =zy’ — 2y.160. (2z?ylny —z)y =y.

C moMompio 3aMeHsl mepeMeHHHIX WiId Aud@epeHmHA-
poBamua mpusectu ypasHenEms 161 —166 ® numeitaniM T
pemnTh mx.

161, z dz = (22 — 2y + 1)dy. 162. (z+ 1) (yy' —1)=y>

163. z(ev—y')=2.

164. (22—1)y’siny+ 2z cos y = 2z — 223,

x

165. y(@)= [y dt + = + 1.
[}

166. [(z—t)y@dt =22+ [y@a
0 0

B zagauax 167—171, maiina nyrem momGopa dacTHO®
pelieHAe, NPUBECTH NAHHK® ypaBHeHAA PHKKaTH K ypas-
HeHmAM Bepryaam m pemuTs EX.

167. 2% +ay+22y?=4.  168. 3y + 2 + ;2-2 —0.

169. zy' —(2z+ 1)y + y? = —22

170. y' — 2zy+ y?=5—=z%

171, y’ +2ye* — y? = e+ ¢~

172. Haiitu Tpaekropuu, OpTOroHAJLHEIE K JIHHHAM
cemeiicta y?=Ce*+z+ 1.
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173. Hajfitu xpumBble, ¥ KOTOPHIX ILIOMAAb TPaNeNnd,
OrpaHMYEHHON OCAME KOOpDJWHAT, KACATEJIbHOH M OpMIH-
HATOH TOYKM KAacaH@s, eCTh BeJAYNHA TOCTOSHHAS, PaB-
Has 3a?. -

174. Haiitu KpuBble, ¥ KOTOPHIX ILIOLIANE TPEYTOJH-
HUKa, OTPAaHMYEHHOTO KacaTeJLHOH, ochlo abcmmec M OT-
pPesKOM OT Hayalla KOOPAUHAT JI0 TOYKH KAaCAHUA, ecTh
BeJIMYMHA IIOCTOSTHHAS, paBHAA a2,

175. B Gaxe maxomurca 100 a1 pacrtBOpa, comepxa-
mero 10 xr conmum. B 6ak BTexkaer 5 J BOAR B MHHYTY,
a CMeCh C TOH jKe CKODOCTHI0 IIepeNdmBAeTCA B [PYroi
100-nuTpoBoit 0aK, IePBOHAYAIBHO HAIONHEHHBIH YUCTOR
Bojoii. M30mTOK KUAKOCTH M3 Hero BmuIMBaerca. Horga
KOJIMYECTBO cONM BO BTopoM Oake Oymer mamGoapimmm?
Yemy omO paBHO?

176. 3a Bpemst At (rme At oueHL MaNo0 W BHIPAKEHO
B JOJNAX Tofa) M3 KaKAOr0 rpaMMa paius pacmafaercs
0,00044 At rpamma u obpasyerca 0,00043 At rpamma pa-
nmoHa. W3 kampjoro rpaMma pajoHa 3a Bpems Af pacma-
maerca 70 At rpamma. B nagane omeiTa MMeEJNOCh HEKO-
TOpPOe KOJNUYECTBO Zo UMCTOro paausa. Horja KoJmuectBo
ofpazoBaBIIerocd W eIe He pacOaBINerocs pajoHa GymeT
HanboIBIIIM?

177. Nausr gBa pasnmMuYHBIX pPEIICUMS Y W Yo JHHe-
HOTO YpaBHEHHsI TePBOTO TOpAAKA. Brpasuth uepes HAX
o0mee pemieHie 3TOr0 ypaBHEHHS.

178. HaiiTu To pemrenue ypaBmemns

y'sin 2z =2(y + cos z),

KOTOpOE OcTaercsl OrpanHYeHHbIM Npn - — 71t/2.

179*. Ilycre B ypasmemnmm zy’ +ay=f(z) wumeem
a=const>0, f(z)— b npn z— 0. Ilokasars, 4TO TONL-
KO OJIHO pelleHAe YPAaBHEHWS OCTAeTCA OrPAHUIEHHBIM
mpu z —~ 0, m HaiiTm mpemen storo pemenma mpm x — 0.

180*. Ilycts B ypaBHeEMH mnpefmgyINel 3afaudm ¢ =
=const <0, f(z)—> b npm = — 0. Iloxasars, 910 BCe pe-
MEeHNs1 9TOT0 YPABHEHHA HMEIOT OJINH W TOT jKe KOHEeUHHIH
mpegen npu z — 0. Haiita a10T mpeped.

B sapgagax 181—183 mcromoe pemenme Bripaskaercs
9epe3 WHTErpas ¢ GECKOHEYHHIM Mmpefie oM.

181*. Ilokasats, 4TO ypaBHEHEE -Z—f 4+ z=f(t), rpe
[f(¢)| <M mpm —o <t<-+oo, mMeeT OJHO pemeHHe,
orpaEm4eEHoe nNpE —© <i<-+o, Hafitm ato pemenne.
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ITokaszarn, 4TO HaliieHNOC pelUIEHHE MCPUOLAYECKOE, eCIH
ynxuus f(t) mepuomgumyeckas.
182*. IlorasaTh, YTO TOJBKO O[O pelienue ypaBHEHUA
2y’ —(222+1)y =12 CTPEMHTCA K KOHEUYHOMY mpeeny
npu z = +oo, m HaliTm aTOT Ipefied. Bripasuth st0 pe-
LLeHNe Jepe3 HHTerpadl.
183*. Haiitu mepumopmueckoe peluenne ypaBuelms

Yy’ =2y cos’z —sinz.

184*. Ilycts B ypaBHEnuMH dt+a(t)x_f(t a(t)=

=c¢>0, f(¢1)=> 0 mpm ¢— +oo. JlokasaTh, uTO KasK0e
pelneHMe JTOr0 YPABHEHWS CTPEMATCA K HyJI0 Ipu & —-
= oo,

185*. Ilycts B ypaBHenmu mpefsiayINell 3ajaun HMeeM
a(t)=c>0 u nyerb ao(t)— pemenne ¢ HaYaJILHBEIM
ycanosneM zo(0)=b. Ilokasatrp, uyro pams soGoro &=>0
cymectByer Taxkoe 0 >0, yro ecin u3McuuTL (HyHKIAIO
f(t) m umcno b Meupme ueM wa 6 (T. €. 3aMeuuTh HX HA
rakylo ¢ynkmuio fi(t) n wmeao by, wro Ifi(2)—f(¢)] <8,
by — bl <§6), To pemenne xo() mamemmrecs mpm £=0
MeHbIIe YeM Iia €. IJTO CBOICTBO pEUNIEHHAA HA3HIBAGTCH
yCTOHYNBOCTHIO II0 TIOCTOSHHO MAEHCTBYIOMEM BO3MyIIe-
HUAM.

§ 6. YPABHENHNA B IIOJHBIX MHOOEPEHIIMAJAX.
HHTErPUPYIOMAN MHOKHTEJD

1. Ypasuenue
M(z, y)dz + N(z, y)dy =0 (1)
HasniBaeTcsa ypasnenueM B nonasix arddepermuanax, ecian ero Jje-
BAasl 4acTh SBJSETCSA LOJIIBIM m{d)d)epeﬂmmu01\74V HEKOTOPOii PyHx-
nuu F(z, y). 9ro nMeer Mecro, ecim ;; E%. Yroful pomATH
ypasremne (1), nago maiitm d)ym{mno F (x y), OT KOTOpOit TONHEI

nupdepennman  dF (z, y) = F dz+ F,dy paseH JeBOd wacrm

ypasuenms (1). Torma ofmee pemenme yparEermsa (1) Mo:xHO Ha-
uucat, B Buge F(z, y) = C, rne C — Dpom3BosibNas NOCTOSIHHASA.
ITpumep. Pemury ypasuenue

(2 + 3z%)dz + (2 — 3y?)dy = 0. (2)

d
Tak Kax (2x+3a: %y) = 3% o (z® — 3y%) =322, r0 ypamme-

ume (2) sBnsercs ypammemmem B monamx nudpdepennuanax. Hai-
neM q)ynxumo F(z, y), nonauii nmddepernman Kortopoit dF =
—F dz -|-F dy 6pur 6Ll paBeH JeBoli 9ACTH ypaBHEHHAA (2),
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T. e. Takylo PyHkmuwo F, uto
Fo=2z+32%, F,=2z"—3" ®3)

WNuaTerpupyeM no x nepsoe @3 ypasHeHwmii (3), cumTas y HmOCTOAH-
HBIM; OpA 9TOM BMECTO IOCTOSIHHON WHTErDHPOBAHEA HAf0 IOCTa-
BUTH ((y) — neu3BecTHY0 (PYHKUHIO OT Y

F={ (224 3:%) da ="+ + 9 ).

TloncraBasaa »To BhIpaskemue JJisi F BO BTOpPOe M3 ypaBHeHRmi (3),
Haiigem ¢(y):

(2*+ 2 + o (), = =° — 3y%;
o' () =—3% ¢(y)=—y>+ const.

CrnemoBaTenbuo, MOMKHO B3aATH F(z, y) = 22+ 2%y — 3, m obmee
pemenue ypaBHenus (2) GyneT EMeTh BHA

22+ 2%y — y* = C.
2. nuterpupyioluM MUORUTENEM VIS ypaBHERAA
M(z, y)dz + N(z, y)dy =0 (4)

nas3biBaeTca Takas QyHKuusa m(z, y) 5= 0, mocie yMHOMEHHSA Ha
KOTOpYIO ypaBHeHHe (4) IIpeBpamjaeTci B YPaBHEHHe B MOJHEBIX
nudpdepennuanax. Ecin ¢pysxumn M m N B ypasHeEm:m (4) mmeror
HeTpephIBEbIE 9YAacTAbIe TPOM3BOJHLEIE H HE 06pamalnTca B HYIIbL
OLIOBPEMEHHO, TO HMHTErpUpPYOIHAi MHOKETeNAs cymecTByeT. Ofi-
aKo HeT o0m{ero MeTofla JJsA ero OTHICKaHHA (Korjga obmee peme-
nue ypaBEeHus (4) Hem3BECTHO).

B HexkOTOpHIX cClyd9asX HMHTErpUPYIOINHil MHOMKHTENH MOMKHO
HAliTH ¢ TOMOLIBI0 NPHEMOB, n3noKeEHsIX B [1], ra. II, § 3, m. 3
nwag B [4], r. 1, § 5. [Insa pemeHnsT HEKOTOPHX ypPaBHEHUA MOYKHO
IIPHMEHSITL METOJ BBIfleJienus] NOJHEIX AuddepeEnnanos, MCIONL-
3ys 13BeCTHBIE (POPMYJIEI:

d(zy) = ydz + =z dy, d(y?) =2ydy,

z ydzr —zdy dy
d(y)— 7 , d(]ny)—y HT I

IIpnmmep. Pemnrs ypaBueune

y dx — (42% + z)dy = 0. (5)
Cnavasna BbIAeNsAeM TPYNIy TWIEHOR, MPEACTABIAWIMYI Co6oil
nonuutit pnddepeniuaa. Tak xak y dz —zdy = —z?d(y/z), To,

Jiens ypaBHenue (5) Ha —zx?, nMeeM

d(%)+4ydy=o, d(%)—l—d(2y2)=0.

9ro — ypasnenue B noxneix auddepennmanax. VmTerpmpys me-
HOCPe/ICTBeHHO (NpWBOAUTL K BHAY (1) He HYKHO), moxydYaem
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pemesne
A 2
- +ut=C.

Kpome Toro, npr fgenennm Ha —z2 GEIIO mOTepsaAHO pemernme z = 0.

3amewanme. Tak kak nocie HeneHEs ypaBHeHus (5) Ha
— 22, T. e. yMHOMEHHEA Ha —1/z?, TMOJNY4YmIOCH ypaBHEHME B MOJ-
HEIX pudpdepeHnEaNTax, TO WHTCIPEPYIOMAN MHOKHETENb i ypasB-
venmsa (5) pasem —1/z2

3. Eciu B ypasaeHmu (4) MOKHO BEIENNTH NOJHEIH mEddepemn-
n@aj Hexoropoil ¢pyrkmma ¢(z, y), TO HHOTAA ypaBHEHHe yIpOma-
eTcsd, eClIEm OT NMepeMEeHHHIX (z, y) MepeidTH K NepeMeHHHIM (I, z)
una (y, z), re z = @(z, y).

IHpumeps. 1) Pemurs ypaBmensme y dz — (z3%y + z)dy = 0.

Brienus monnnii guddepeEnEaNd Kak B NPEABIAYIEM IpHMO-
pe, moxyunm

d(!.)+zydy=o.
x
Tlepeiifia k mepemenuLIM z = y/r @ y, OONYy4YAM ypaBHEHHe
2
dz + y? dy =0,

KOTOpO€ JIerKo pemaeTcst.

2) Pemmuts ypasuenne (zy + y)dz + (2% —zy®)dy = 0.
CrpynmnmpyeM TWIeHbI T, YTOOB BHIIENUTL noxusie Anddeper-
LHAJIHE ‘

z (y dz + z dy) + 4° (y dz — z dy) =0,
xd(zy)—l—yad(%):O.

Pasjenus ua r . CJEN4B 3aMeRy zy = u, z/y = v, NONYIAM ypas-

u
penne du +—5 dv = 0, KoTOpOE I8rKO pemaeTcs.
v

B zamauax 186—194 mnpoBeputs, uTO NaHHEBIE ypaBHE-
HEs ABIAKTCS yPaBHEHUsAMHI B NMOJXHHIX Anddepernmanax,
U pemuTh HX.

186. 2zy dz + (22— y?)dy =0.

187. (2 —9zy?)z dz + (4y*>— 623)y dy =0.

188. e~vdx — (2y + zeV)dy =0.

189. £ dz + (4* + Inz)dy = 0.
3
190, B HL g, Bt g
y y
191. 2z(1+ V22— y)dz — Vz8— y dy =0.
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192. (1 + y?sin 2z)dz — 2y cos? z dy = 0.
193. 322(1 + Iny)dz — (2y — i; ) dy.

194, (—’— + 2)dx+ (2t cosy 5 _

siny cos2y —1

Pemmnts ypasaenma 195—220, maiins xakum-im6o cmo-

cO00M WHTETPHDPYOI(Ul MHOKHUTENb HIH CHeJaB 3aMeHy
nepeMeHHEIX.

195. (22 + y?+z)de+y dy =0.
196. (z®+ y*+y)dz—xdy=0.
197. ydy =(zdy + ydz) V1 + 2
198. zy*(zy’ +y)=1. 199. y*dz —(zy +2%)dy =0.

200. (y—1)as+ % =0,

201. (22+3lny)ydzr==zdy.

202. y?dz +(xy + tgxy)dy = 0.

203. y(z+y)dz+(zy+1)dy=0.

204. y(y?+1)dz+z(y?—z+1)dy=0.
205. (z?+ 2z + y)dz =(x — 3z%)dy.
206. ydxr — xdy = 223 tg zldz.

207. y?’dz +(e*— y)dy = 0.

208. zy dzx =(y®+ 2%y + z?)dy.

209. 2%y (ydz+ xdy)=2ydz+zdy.

210. (22— y?’+y)dz+z(2y—1)dy=0.
211. (22%y®+ y)dz + (2%y — z)dy = 0. :
212, (22%y3 — 1)y dz + (42%y® — 1)z dy =0.
213. y(z+y?)dz+22(y—1)dy=0.

214. (2®—sin?y)dz + zsin 2y dy =0.

215, z(lny+2lnz —1)dy =2y dz.

216. (z2+ 1) (2z dz + cos y dy) = 2z sin y dz.
217. (22%y®—y)dz + (22%y3 — z)dy = 0.
218. 22+ y +(23y? —z)y =0.

219. (22 —y)dzr+2z(y+1)dy=0.

220. y*(y dz — 2z dy)=2*(z dy — 2y dz).

§ 7. CYIECTBOBAHUE H EJWHCTBEHHOCTb PENIEHHA

1. TeopeMa cymecTBOBAaHHA H OJHHCTBOHHO-
CTH PemeHHsT YyPABHEHHSI

v =1z y) (1)
cHavalbHBM ycaoBHeM y(To)= Yo
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fTycro ¢ samrnyroi obaacru R(|z—zo| < a, |y—yo|l <b)
dynryuu f u Iy nenpepoignsl'). Tozda na nexoTopom orpeske

) —d<<x << o+ d cyyecreyer eduncréennoe pewenue ypaéHe-
nua (1), ydoeaersoparowee navasvnomy ycaosuio y(xo) = Yo.

. b
IIpu sToM MokHO B34Th d = min {a; —» The a 4 b yKazaHH
m

shime, a m — d06oe Takoe, aTto |f| << m B R.
IlocenoBaTenpusie OpROIMKERNAs, onpefeidsieMble (opmyramm

Y (®) =ty U@ =1+ | 15 1)) s,
*o

PaBHOMEDHO CXONATCA K pemIeHHI0 Ha YKa3aHmHOM OTpe3Ke.
3aMewsanne. [lad CymecTBOBAHHA PEMEHHA J0CTATOYHO
TOJIBKO HENPEPHIBHOCTH. f(z, y) B o0macTE R, HO OpA 3TOM peme-
Hue MOKeT He OBITh ©[IMHCTBeHHBIM.
2. Cacrema ypaBHeHHIL

y;=f1(xr Yp eeor yn),
@

’
Yn="Fn (T Yy «oes Yp)
B BEKTODHEIX 0003HATEHMSIX 3allMCHLIBAETCSI TaK:
y,=f(zy y)1 (3)

ey = (y,..., ya) B f= (f1, ..., fa) — Bexropsl HenpeprisHoCcTS
BeKTOp-yHKIUM f 0O3HAYaeT HENPEPHIBHOCTH BCex (PYHKHHI fi, ...
7]

. fn, a BMeCTO 0__1/ paccMaTpABaeTCs MaTpula U3 YacTHBIX OPO-

fi

UBBOJHBIX ——
oy’

Teopema CymecTBOBamusd M eQUHCTBEHHOCTH DPEITEHHSA W BCO
YTBeDKIEHHEA I. 1 OCTAalOTCSI CHPABEUIMBLIMU ¥ JJIST CHCTEMEI, 3a-
uucausoii B Bupe (3). Ipu arom |y| osHauaer AIMEY BeKTOpa

2 2
vivl=Va+. +i _

3. TeopeMa CcymecTBOBAaHHSI W EAUHCTBEHHO-
CTH DONMIEeHHSA JJAA ypaBHEHMA n-TO HOpAAKaA

ym = f(z, 4, ¥y ..o y"). (4)
IIycro 6 obaactu D Pyukyus f u ee uacTnvie npoussodnsvie

nepeoco nopadka no y, y', ..., y*~ Y nenpepwvienbi, u TOUKG

’ — 1
Zor Yor Ygr oo er yf," 1)) aexur enyrpu D. Tozda npu navasvnblz

i, k=1, ..., n.

Ycao8UAx
V(@) =Yg ¥ (%) =Ygr +-r 47D () = 5PV

ypasnenue (%) umeer ejuncreennoe pewenue.

') TpeGoBanne HENPEPHIBHOCTH f, MOKHO 3aMEHHTDH TpeGoBa-
HueM ee orpammTemnoctu wan yejosuem Jinmmunma: |f(z, yi) —
— /(z, y2) | < klyr— yo|, k = consl.
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Vpasuenne (4) MOMKIO cBecTMm K cucTeMe Bmaa (2), ecidm Bne-
CTH 1i0Bbie Teu3BecTibie QYHKIUM 1Mo opMynaM y =y, y' = yo,
v =vys ..., y» 1) =y, Torpa ypaBdenue (4) CBOOUTCA K Cl-
creme

’ ’ ’ ’
!llzllzv !/2=y3,...,.'/n_1=!/nv !/n=f(1,!/2,...,yn),
KOTOpasi SBIETCSI YaCTHBIM CIyYyaeM CHCTEMHBI (2) M K KOTOpOil
NPUMEHUMBI BCE YTBEPIKAGHUS 1L 2.

4. llpononskeHnue pemeHnii. Bo MHOrMx caygasx pe-
menne ypaBHeHas (1) mau cmcremsl (2) cymecTByeT He TOJBKO
Ha OTpe3Ke, yka3aumoM B 1. 1, 1o m Ha 0OJIpImIEM OTpeE3Ke.

Eciu ypasuenue (1) uau cuctema (2) ynooBieTBOpsieT yCJIo-
BH;M TEOPEMBI CYHICCTBOBAMI B 3aMKHYTOIl OrpaHMYEHHOH 00na-
CTH, TO BCIKOE pelICHME MOKHO0 NPOJIOJIKUTH 0 BHIXOJla HA IPaHU-
1y »roit obyaeris.

Ecau npasast yvacto ypasuenust (1) mam cmcremst (3) B o0aa-
crn a<z<B, |yl <oo (o0 m P Moryr GEHITh KOHEUHBIMH HIH Oec-
KOHEUHNBIMH) HElPephIBHA U Y/IORIETBOPsIET HEPABEHCTBY

, (x, 9)| <a(z) |yl + (),
n pyukuun a(z) m b(z) HeNPEPHIBHLL, TO BCSIKOE DEIICHAE MOKIO
NPOJIOJBKITL HA Bech MHTEpBAN a < - < P

221. IlocTpomTh mocieqoBaTeJbHBIE NPUOIMKEHRUA Yo,
Y1, Y2 K DEIIeHHI0 JAHHOTO0 YyPaBHEHWA C [JAHHBIMA Ha-
YaJIbHBIME ycnonuﬂmn:

a) y =z -y, y(0)=0.

0) y =y?+322—1, y(1)= 1.

By =y+e!, y(0)=1.

r) Yy =1+zsiny, y(n)=2mx.

—_

222, TlocrpomTs IO f(BA IOCJIEZOBATENBLHEIX HPHOJIN-
JKeHHsA (He CYHTAasA MCXOAHOr0) K PeIIeHHAM CleAyIOImuX

YpaBHEHHNII W CHCTEM:
a) y¥=2z+z 2z =y; y()=1, z(1)=

d d
6)%:;/, & = x(O)=1, y(0) =2.

B) y +y*—2=0; y(O) =1, y'(0)=0.
dz
)——3t$ $(1)—2, Wi=1=—1.
223. YnasaTL KaKoH-HuOyab OTPe3oK, Ha KOTOPOM Cy-
[MECTBYeT pelleHHe ¢ JAUHLIMU HAYAJBHEIME YCIOBUAMH:

a) y'=z+y% y(0)=0. 06)y' =2-z y(1)=1
d

B) - =t+e%, z(1)=0.
d d

1) Sr=p =2 z(0)=1, y(0)=2.

224*. Tna ypaBmenns y' = z — y? ¢ HAYAIBHBIM YCIO-

BaeM y(0)= 0 mocrpomTh Tperhe NpHOIWKEHHE K pemie-
HUIO U OIeHUTH ero ommubry mpu 0 <z <<(,5.
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Yrasanne. OmeHATe OCTATOK pAAA, CXONEMOCTL KOTOPOIO
NOKasHIBAETCS B TEOpPEMe CYIeCTBOBaHHA pemends, cM. [1], ru. II,
§ 15 12], § 15.

225, Ilonpaysaces KaxkuEM-1EGO MOCTATOYHEIM YCIOBHEM
eMHCTBEHHOCTH, BHICNHTH O0JAaCTH Ha IJIOCKOCTH Z, Y,

B KOTOPBIX 4Y€pe3 KayKAyI0 TOYKYy IPOXOAHT eXWHCTBEHHOE
pelieHAe ypaBHEHHA

a) y' =2zy + y,_ 6) y' =2 +7§— 2z,

B) (z—2)y'=Vy-=z, 1) y=1+1gy,

B) (y—=2)y’ =ylnz, e) zy' =y+Vy:—22

226, Ilpm xaxkux HEOTpHOATENbHBHIX 4@ HapyIIaercs

eIMHCTBEeHHOCTh pemenuit ypasmemus y' = lyl° m B ka-
KAX TOYKax?

227. C noMompi0 HEOGXOMEMOr0 M HOCTATOUHOTO YcC-
JOBHA EIMHCTBEHHOCTH s ypasHeHHH BHma y = f(y)
(cm. [1], ra. III, § 4, n. 1, menxmiz mprdr mam [2],
§ 4) mccuemoBaTh HammCcaHHbIE HUMKe ypaBHeHHs, Brije-
amB obxacrm, rie f(y) coxpaHAeT 3HAK, HPHCIMKEHHO
n300pa3uTs Ha 94epTeKe pemeHud, J[n1da ypaBHeHHmH J) I
e) mpaBrie vacTm mpE y = (0 JoompefeiaAIOTCA IO Hempe-
PHIBHOCTH.

Ay =V Oy =yVy+i,
By =@—1)VP 1)y =arccosy,
B ¥y =ylny, e) ¥y =yln?y.

228, Ilpr Kaxkmx HaAYaAbHEIX YCJIOBHAX CYHIECTBYeT
e[MHCTBEHHOE pPeleHne CAeAyIINUX YyPaBHEHMH M CHCTOM?

a) y”=tgy+13/5, 6) (z+ D)y =y+Vy,
n n b_'-——
B) (z—y)y'y” =lnzy, 1)y —yy =1/y — =z,
DLy VT SR
d 3
'e)%=y3+ln(t+1), 337!:'=V!/'—t-

229. MoryT am rpadmKkE AByX pemeHHi JAaHHOrO ypas-
HeHHs Ha INIOCKOCTH Z, Y HepeceKaThcsAs B HEKOTOPOH TOU-
e (20, Yo) S

a) mia ypasmem:sa y' =z +y?? 6) mua ypaBHeHHA
y’ =z+y?

230. Moryr am rpadaKE ABYX pemeEMit JAaHHOTO ypaB-
HeHEA Ha INIOCKOCTH Z, Y KacarbCA APYr APyra B HEKO-
T0pOii TOUKe (Zo, Yo)
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a] K17 ypaBHeHHs Y =z+y®? 6] ana ypaBmenms
y’ =z+y?

B) fuiA ypaBHeEEA Yy~ =z + y*?

231. CKoNBbKO cymecTByeT pelieHmii ypaBHeHHA Y™ =
= g + y?, yHOBIETBOPAIMEX OJHOBDEMEHHO JBYM YCJO-
sasim: y(0)=1, y'(0)=2? PaccMOTpeTh OTAEIBHO CIy-
yam n =1, 2,

232. Cronpko pemenmit ypaBHemma Y™ = f(x, y)

(f n f,', HEIPEDPHBHE Ha BCeil MIOCKOCTH Z, y) IPOXOAHT
gepe3 TOYKY (Zo¢, Yo) IO 3aJaHHOMY HANpaBJIeHHIO, 00pa-
sylomeMy yroa o ¢ ocklo Oz? PaccMmorpers ciayuam n =
=1, n=2mnn=3. ,

233. Ilpz xaxmx n ypasmemme y™ =f(z, y) (f = fy
HEeIPEepPHIBHEI) MOKET HMETh CPe[d CBOMX pelmeHAH [Be
$yrruun: y, =z, yo =z + z2*?

234. llpn xaxmx n ypasmemme y‘"=f(z, y, ¥’, ...
.. Y™ V) ¢ mempepsiBEO mudPepennupyemMoir QyHKIHEH
f MOJKeT HOMEeTh CPeJU CBOHX pemeHAN [Be (QYHKIHA:

=z, Y2 = sin z?

235* IIyers f(z, y) mempepsiBHA IO Z, ¥ H IPA RajK-
DOM r He Bo3pacTaeT OpH Bo3pactammm Y. J[okasath, d4TO
eclId [Ba pemeHAs ypasmemmsa y = f(z, y) yHmoBIeTBO-
PAOT OKHOMY W TOMY e HAYAJIBHOMY YCJIOBHI Y (Zo)=
= Yo, TO OHH COBHIAJAIOT OpH T == Zy.

236. CroIbKO HDOM3BOAHBIX HMEIOT PEeIeHus CIeAyIo-
X ypaBHEHEH K CHCTEM B OKPECTHOCTH HA9ajla KOOD/H-
HaT? (Teopemy o raagrocrm pemremmit cM. [2], § 19 mum
[4], § 6, Teopema 1.4).

a) y =z+y"s, 0) y =zlz|l —y?,
B) y" =8+ 53, 1)y =y—zy
NG =ttty L=zt

o L _ypyyE L_s

237*. IIpm KakEX a KajK[oe DPeIIeHHe HPONOIKAETCH
Ha OecKOHEYHHIH mATEpBATL — © < 2 < + o

az nua ypaBeeEmEsa Yy’ = |y|°? 6) mna ypasmemma y’ =
=(y*+e)*?
B) JiA ypaBHeHHA y = lyl“'1 + x|1/17 2%
r) aaa cmereMu y' =(y?+ 224+ 2)", 2 =y(1+ 2%
238*. [lnsa caemylommx ypaBHeHHi JJ0Ka3aTh, 4TO pe-
[IeHHe ¢ NPOU3BOJBLHEIM HAYaJIBHHM YCIOBHEM Y (Zo)=
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= Yo CYIMeCTBYeT UPH Iy < z < + ooy

a)y’ =2°—y° 6) y' =zyte.

239* Ilycrs Ba Beeit IIOCKOCTH Z, Y ¢yargun f(z, y)
u f,(, y) menpepsisant u fy (2, ¥) < k(z), pynxmua k(z)
HempepuiBHA, J0KasaTh, 4TO pemIeHHe YDaBHEHHA Y =
= f(z, y) ¢ mo0nM HavaJdbHEM ycloBEeM Y (Zo)= Yo CY-
MecTBYeT IpH T < Z < * oo,

240*. Tana cucrema B BekropHOii 3ammen y' = f(z,y),
YIOBJIETBOPAKOIAA YCIOBHAM TEOPEMEl CYIECTBOBAHUSA
B okpecTHOCTH Kaskgoudl moukm (z, y). Ilycrp B oOmacrm
lyl > b npm Becex z

y-fz, y)< k(=) lyl?

The Y - f — crauApHOe mpousBeneHue, a GyEKmua k(z) mHe-
npepriBHA, JloKasaTh, uTO peireHHe ¢ JIOOBIM HATAIHHBIM
ycaoBueM Y (Zo)= Yo CyIIeCTByeT IPH IS T << 1 o,

§ 8. YPABHEHH/, HE PA3PEHIEHHLIE
OTHOCHTEJIBHO HNPON3BOJTHON

1. Ypasaennsa supa F(r, y, y’) = 0 MOKHO pemiaTh CIegyIo-
MHMH MEeTOAAMH.

a) Paspemuu ypasgenue OTHOCHTETBHO y’, T. €. A3 yPaBHEHWSI
F(z, y, y¥) =0 BEIDA3UTh v qepes z U Y. ITomyunTcsa opgHO HMam
TeCKOJIbKO ypaBHeHMil Bmpa y’ = f(r, y). Kamxpmoe u3 HuEX Hamo
peuuTh.

0) Meron BBegeHEH uapamerpa n.

~ Ilycrp ypaBuesme F(z, y, y’) = 0 MOKHO pa3pemuTh OTHOCH-
TeJbIIO y, T. €. 3amécaTs B BHAE y = f(z, y’). BBems mapamerp

dy ,
MoJIyIaM
‘ y = f(z, p). (2)

Bsap momBmiit gaddepennman or ofemx wacteir paBeHcTBAa (2) I
3aMcHEB dy 1Tepe3 pdz (B cuiay (1)), momxyumMm ypaBHCHWC BHJA

M(z, p)dz + N(z, p)dp = 0.

Ecan pemeHme 3TOro ypaBHEHNs HaiiieHo B BHAe z = ¢(p), ToO,
BOCITOJIb30BABMIACh PAaBEHCTBOM (2), MOJYYHM peImeHHe HCXOXHOTO
YypaBHEHHA B mapaMeTpmueckoii 3anuchm: z = @(p), y = f(@(p), p).
VYpasHeHms Buga = = f(y, y’) pemalTCA TEM ’Ke MEeTOJIOM.
Ilpamep. Pemnars ypaseenme y = z+ y’—In y’. BBogmm
napameTp p = y’:

y=z+p—Inp (3

1) 3mech majaraeTcs HpPOCTElInmMii BAapEHAHT 3TOro Meropa. Bo-
aee o6muit BapmaaT cM. [1], ra. III, § 3, m. 1.
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Bepem nonmmii gaddepenmuan or ofemx gacred panendc'ma 7 sa-

MeHsieM dy Ha pdz B cmay (1): dy=dz—|-dp——p£, pdz =
d

=dz+dp-—7p-. Pemaem mnoayizesHoe ypaBHeHme. Ileperocam

9JIeHH ¢ dz BlIeBO, ¢ dp — BIOPaBO:
p—1

(p—1)dz= dp. (4)
a) Ecam p = 1, 10 cokpamaeM Ha p —1:

d
dz=-L s—mp+c.

p
[TogcraBasas ato B (3), moldydaeM pemeBEHe B HApaMeTPHYECKOil
BalUCH:
z=Inp+C, y=p+C. (5)

B pamnoM cayyae MOMKHO HCKIIOUATEL DapaMeTp p M UOJYYHTH
pemenue B ABHOM BHfe. JJIA 9TOro M3 NmepBOro M3 ypaBHeHUi (5)
BBIpakaeM p duepe3 z, T. e. p = e*~C, IloficTaBaaa aTo BO BTOPO®
ypaBueHHe, H0JyIacM HCKOMOe DeINeHHe:

y=eC°+C. (6)

6) PaccmorpmM cayuaif, korga B (4) mmeeMm p = 1, Ilogcras-
asa p =1 B (3), momyvaem eme pEmEHHO

y=z+1. (7)

(Brito Obf omuOKo# B paBeHcTBe p = 1 3aMeHMTH p Ha y’ H, OmpO-
MHTErpapoOBaB, HOAYJIATh y = z -+ C.)

2. Pemerue y = ¢(z) ypaBmerua F(z, y, y’) = 0 BasmBaercs
0co6ulk, €CIH Hepe3 KaMAYI ero TOYKY, KpOMe 3TOro pemeHH,
MPOXOAHUT U APYroe pemeHHe, AMOIOIIE® B 9TOH TOUKe Ty ke Kaca-
TeJIbHYI0, YTO H pemeHHe y = ¢(z), HO HO COBHAJA0IEe C HAM
B CKOJIb YTOAHO MaJIOil OKPECTHOCTH 3TOH TOUKH ‘3 )

F_ ' OF

Ecnr ¢ynknus F(r, y, y’) ¥ Opon3BofHEIe ¥l fm 5, Hempe-

pUIBHEI, TO df000e 0c000e pemeHne ypaBHEHH

‘ F(z, y, y') =0 (8)
YROBIETBOPAET TAK:K® yPaBHEHHIO
OF (z,y,Yy')
g =0. 9)

ITooromy, aT00BI OTHICKATH OCOOHI® pemeHAs ypaBHeHHs (3), Hajo
Hckawuurh y’ u3 ypasuennii (8) u (9). IloxydueEHO® ypaBHEHME
V(z, y)=0 Ha3pIBacTCA ypaBHEHHEM OJUCKDUMUHAHTHOU KDPHBOIL.
JLtsT Kaskoii BeTBU JUCKPAMAHAHTHOII KPUBOIi Haj{0 TPOBEPHTH, AB-
JISIeTCS JIM DTA BeTBH pemieHnmeM ypaBHenus (8), m ecam ABIseTCH,
T0 GymeT JH 3TO PemeHne 0COOBIM, T. €. KACAlOTCA JA €r0 B Kaj-
Jloit TOUKe Pyrue pemieHms.

) 9to ompepenenme B3saTo w3 [1]. Ectn m pgpyrme ompenene-
Hus, He PaBHOCANLHEE 2TOMY.
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Opurmep. Haiite ocoboe pemenne ypasEeREA

v=z+y —Iny. (10)
HOuddepernuapyem o6e gacTu paBeHCTBA HO y’:
1
0=1~ 7 (11)

NckmogaeM y” m3 ypaBHenmir (10) m (11). s (11) mmeem y’ = {;
moxcraBiasaa 3ato B (10), mosyuaeM ypaBHeHWe NHCKPEMAHAHTHOR

KpHBO#
y==z-+1. (12)

IIposepnM, GymeT ad OHa 0COOHM pemeHmeM. [[JiA 3TOro CHa-
uajla IpoBepseM, ABIAETCA JU OHa pemeEmeM ypasHenda (10).
IloacraBuasaa (12) B (10), moxysaeM ToxpecTBo z + 1 = z + 1. 3ma-
ynT, KpuBasa (12) — pemenue. )

Temeps IPOBEPHEM, ABASETCS JU 3TO PemeHEE 0COOBIM, T. ©, Ka-
CalOTCs JM €r0 B KAJKIOH TOUYKe Apyrwe pemends. B u. 1 6wuro
Haii{eHO0, YTO [pyrHe pelmeHHA ‘BeIpaxkaloTca gopmynoi (6). IIm-
IeM YCJOBAA KACAHMSA KDHBHRIX y = V;(r) B y = ys(x) B TOUKe
¢ a0ciuccoit zo:

’ ’
Y1 (F) =¥3 (%) ¥1(%) = ¥a (%) (13)
HOua pemennmit (6) m (12) 9TH ycIOBAA DPHHAMAIOT BUJ ex"—c-i-
+C==z+1, €0 =1, U BTOPOTO paBeHCTBA EMeeM C = Zo;

IOACTaBAASA 3TO B IIEPBO® DaBEHCTBO, moxydaeM 14 zo =z, 1.
9TO0 paBeHCTBO CHOPAaBEJJIHBO NPH BCEX Zo. JHAUHT, NIPH KaKAOM I
pemenume (12) B Touke ¢ abcumecoi zp KacaeTcsa ORHOIl M3 KPUBBIX
ceMeiictBa (6), a uMEHHO Toll KpHBOil, 1aa KoTopoil C = zo.

Hrak, B Kamaoil Touxe pemeHue (12) KacaeTcs Jpyroro pe-
menus (6), He coBmajamero ¢ HAM. 3HaYuT, pemenume (12) —
oco6oe.

Ecnm ceMmeiicTBo pemmeHUii 3amMCcaHO B IIapaMeTPHUECKOM BH[E,
Kak B (5), To BHIOJHEH@E YCIOBHII KaCaHUs IPOBEpseTcsa amallo-
ruuno. IIpu dToM Hag0 yuecTs, 9To ¥y’ = p.

3. Ecinu cemeiicrso kpusnx @D(z, y, C) = 0, ABasiomuxcsa pe-
meHusiMu ypaBHeHus F(z, y, y’) = 0, umeer orubawmyio y =
= ¢(z), To Ta orubatomas sABIAETCSI O0COOLIM pemieHHeM TOro e
ypaBHeHus. Ecian ¢pyrxnnsa @ mmeer HempepHIBHBIE NEPBbIe IPOU3-
BO[HBIE, TO [IA OTBICKAHAA ormbammeil Hamo HCKINIATL C U3
YpaBHEHmII

o0 (z C
(D(:U’ Y C)=07 _(alayg' =0

B OpOBEpHTh, OyAET JM moJydeHHAas KPHBasg Ormbalomeil, T. e, Ka-
CaloTCA JIE €e B KaK[[0il TOMKe KPMBBI® ceMeiicTBa. Ty NPOBEPKY
MOKHO IIPDOBECTH M3JI0KEHNBIM B KOHIE I. 2 METCIOM, HCIOJb3YS
yeaoBus kacamus (13).

B samauax 241—250 maiitm Bce peIIeHAA [JaHHBIX
YPaBHEHHII; BRIJENHATH 0Co0bIe pemieHAs (€CIH OHH €CTh);
IaTh 9EPTEiK.
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241,y — 2 =0. 242, 8y'° = 27y.

263, (v + 1 =27(z + Y 244 p2(y*+1)=1.

245. y'2,2— 4y® = 0. 246. y'® = 4P (1 —y).

247, Ty "=y 248. yy'* + z =1.

2689, vy 4+ =yy' (y +1).

250, 4(1—y) = (3y —2)2y"®

Vpasmennsi 251—266 paspemmts ormOCATENBHO Y,
mocye- 3Toro o0iee penieAue HCKATh OOBIYHBIMA METO-
mamm (§§ 2, 4, 5, 6). Haiitm Ttarke ocobsie pemieHms,
eclid OHH €CTb.

251, y'* + ay = vy, 202, a2y (xzy' +y)=

253, 2y’" —2yy’ + x=0. 254, zy’®=y2y’ —1).

255. y'* + z = 2y. 256, y'° + (z + 2)ev = 0.

257. y'* — 2zy’ = 8z2. 258. (zy’ + 3y)* = Tz-

259, y'* — 2yy’ = y?(ex —1).

260. y' (2y—y')=y?sinx. 261, y'* + y2 =yt

262. z(y — ay')? =xy’® — 2yy’.

263. y(zy' —y)l?=y—2zy’.

264. yy' (yy' — 2x) = 2% — 242,

265. y'* + 4xy’ — y? — 2%y = 2 — 422,

266. y(y — 2zy’)? =2y’.

Ypasuenusi 267—286 pemnTs MeTooM BBeJeHHA Ma-
pametpa.

267. z =y’ +y'. 268, z(y"*—1) =2y".
269. z=y’Vy’2+ 1. 270 y'(z—Iny')=1.
2. y=y"* +2y° 272. y=1n (1 + y'?).
273. (y + 1) —(y yr. 274 y=(y' —1)ev.

275. y’ ——y’z—y 276, y'* —y'’ =2

277. y'* =2y’ + y. 278. y'* — 2zy’ = 22 — 4y.
279. S5y+y’ =z (x+y’). 280. 22y’ = zyy’ + 1.
281, y° + y* = ayy'. 282, 2zy' —y = y ln gy
283. y' = ew'/y, 284, y = ay’ — 2%y’

285, y =2zy’ + y2y’". 286, y(y — 2y’)d = y’ .
Pemnts ypaBmemms Jlarpamka m Huepo (samaum
287—296).
287. y =y’ —y 288. y+xy-—4'l/y—
289. y——2:cy 4y’3 290. y = zy’ —(2+y)
291, y' _3(:zy —Y). 292, y =y —2y"°.
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293. zy' —y=1Iny'. 294. zy' (v’ + 2) =y.
295, 2yt (y—axy’)=1. 296, 2zy’ —y = Iny'.
297. Haiirm ocoboe pemernme pauddepeEnTaIBLHOTO

YpaBHEHHs, eCIN W3BECTHO CeMeiiCTBO pemeHHmit 3TOro
ypaBHEHHS:

a) y=Cz?—C?, 6) Cy=(z—C)%

B) y=C(z—C)% r) zy=Cy—C>2

298. Haiitm KpmBylo, Kajk[jas KacaTelbHAs K KOTOpPOi
ofpasyeT ¢ OCAMEH KOODJHHAT TPEeyTOAbHHK IJIOmaga 2aZ.

299. Haiitn KpuByI0o, Ka)KJas KacaTeJbHas K KOTOPOH
OTCEKAaeT Ha OCAX KOOPAMHAT TaKHe OTPe3Kd, UTO CyMMa
BenmudH, oOpaTHHIX KBajJipaTaM [IAH 3THX OTPE3KOB,
paBra 1.

300. Haittw xpmByio, HPOXOAAINYI0 Yepe3 HAYAN0 KO-
OpAWHAT W TaKy[, 9TO OTPE30K HOPMAaXd K Heii, oTcekae-
MEIfl CTOPOHAME NEPBOro KOODAWHATHOTO yria, AMEeT I0-
CTOSAHHYIO JJIHY, PaBHYIO 2.

§ 9. PABHBIE YPABHEHHSI NEPBOTO NOPANKA'!)

Peurnrs ypaBuermma 301—330 m mocrpomts rpaduxm
HX pemieHui.

301. zy' + 22+ 2y —y=0. 302 2zy’ +y?’=1.
303. (2zy?—y)dr+axdy=0.

304. (zy’ +y)2=2%". 305. y—y' =y*t+ay’.
306. (.7:+ 2%y =y. 307. y'* —y'e®*=0.
308. 2%’ = y(z +y).

309. (1— x"’)dy + xyd:c =0.

310. y* +2(x— 1)y’ —2y =0.

M. y+y'In?2y=(z+2Iny)y’

312, 22y’ — 2zy = 3y.

313. z 4+ yy' =2 (1 + y'®).

4. y=(zy’ + 2y)a 315, ¥y = —

316 y* + Bz —6)y' =3y. T z—L =
8. 20—y tz—y 9. ¢+ yfy =1
320, 22%y’ + 3a%? + 7 =0, 321, & = (% — Zx) dy.

322, zy’ = €V 4+ 2y'. 323. 2 (z— y?)dy=ydz.
324, 22y'% + 2 = 21(2 —
325. dy + (xy — xy®)dx = O 326 2z%" =y*2zy’ —y).

]
.

< |t

) Bece 3agauu § 9 pemaloTcs U3J0KEHHBIMEA DaHEe METOJaMH.
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327, R

329,
330.

y—zy'

l’)
zy (zy’ —y)? + 2y" = 0.
(1 —2¥)y — 2zy% = zy.

Peunts ypasnenna 331 —420.

331.
332,
333.
334.
336.
337.

339.

341.

342, y
343.

344.

346.
348,

349.
351.
353.
354.

355.
357.

358.

360.
361.
362.

363.
364.

365.
366.
367.
368. y

369. y

370.

371.
372.

’+y—xy3
(xy —z)dz +(y + zy)dy = 0.

(sinz + y)dy +(y cosz — 2?)dz = 0.

328. z(z—1)y"+2zy=1.

3y? —azy’ +1=0. 335. yy’' + y’cilg z = cos z.

(e¥+ 2zy)dzx +(ev + z)z dy = 0.

wyt=y—y. 338. z(z+1) (y' —1)=1y.

y(y—zy')=V2* + y*. 340. zy' +y =

xQ(dy dz)=(z+ y)ydz.

)y =3y
(xcosy+sm2y) =1,

y?—yy + 6 =0. 345y = %
(zy' —y® =y>—1. 347. (4xy—-3)y +yi=

'VE—Vy—:t+V;

zy —ZVycosx—Zy 350. 3y'4—y +y.
y(y—azy)y=2%". 352 y =(4x+y-—3)%
(cosa:—xbiux)de+(xcosx—2y)dy=O

2%y’'* —2zyy’ = 2? 4+ 3y

% + 2zyInz + 1 =0.356. 2y’ = 2Vy — 2%+ 2y.

(1 — 2z%)dz + 2*(y — z)dy = 0.
(2zev+ y*)y' = ye'. 359. zy'(Iny —
2y =z+Iny’.

(22%y — 3y?)y’ = 622 — 2zy? + 1.

yy' =4z + 3y — 2.

Yy’ + 2?sindz = ydctg .
2zy’ — y=siny’.

(z2y2+ 1)y +(zy — 1) %2y’ =0.
ysinz+y cosz=1.

xdy ydx—xl’x2+y2dx
242y =y (y” +y°).

—V 2z —y+2.
(x—ycos—y—)dx+xcosﬁdy=0
(xy+V1+x4 dzr+23dy =0.
(v’ — zVy) (2% — 1) = zy.

3 A. ®. ®nununos
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373.
374.
375.

376.
378.

379.
380.
381.
382.

384.

386.

387.
388.

389.
391.

393.
394.
395.
396.

- 397.

398.
399.

401,

403.
404.

405,
407.

408.

409.
410.
411.
412,
413.
414,

I3+ (yrz 2U)T 31/ —y |
(2x+3y—1)d1:+(4x+6y 5)dy = 0.
(22y® — y)dz +(y? + z+ y)dy = 0.
v=y'V1+y"2 377. y? = (zyy’ + 1)In .
by =z + '
2z dy + ydx + zy?*(xdy + y dz)=0.
zdz+(2?ctgy — 3cosy)dy =0,
2y'? —2(xy —2)y’ + y2 =0.
zy' +1=e"" 383. y' =tg(y — 2z).
32 —y=y'Vz?+1. 385 yy +zy==2d
z(z—1)y +yd==zy.
zy =2+ V 1+ 4"
(2z+y+5)y’ =3z +6.

yttgy—zscey. 390,y =y (y’ — 2y
’ !/“,—.T b

¥ =551 392. 2y’ = a%ev+ 2.
y'=3x+1’y—z2

zdy — 2y dx + z2y?(2x dy + y dz) = 0.

(23— 2zy?)dz + 32?2y dy = 2 dy — y dx.

(yy')? = 2Tz (y* — 227).

y —8 Vi — 22
z¢—1

[22—In(y + 1 )]dx—z+yd =0.

xy —(xz-l-tgy)coszy 400 xz(y—xy)—yy .

Yy’ =__3z 402. y' — (1+y)?
Syt z(@y+1)—a2*
(y — 22y’ )2 = 4yy

6%y dz +(y*lny — 3x5)dy 0.
. 2
y =3 Ve+ Vi 406 2ay +1=y+ .

+°
w = 2( )
’ 3z y°—1
y - [r=
(zVy2+1+1) (y?+1)dz = zy dy.
(z2+y* +1)yy" +(a* +y* — 1)z =0.
Y (z —1)dz = z(2y + = — 2y)dy.
(zy" —y)? = 2> — z*.
zyy’ —aVy? +1=(z+ 1) (2 +1).
(z2—1)y +y*—2zy+1=0.



415. y’ tgy + 4z’ cos y = 2z.
6. (zy —yp—y* —2L 4o,

417. (x+y) (1 —zy)dz +(z+ 2y)dy = 0.

418, (3ry+z+y)ydz+ (4dry +z+ 2y)zdy =0.
419, (22 —1)dz +(z%y®+ 23+ z)dy = 0.

420, z(y® + %) = —2y'.

§ 10. YPABHEHUA, NTOIIYCKAIOIHE
NOHM;KEHUE HOPAIKA

1. Eciu B ypaBHeHu® He BXOQAT MCKOMaA (PYHKIHMA y, T. €. OHO
nmeer Bufg F(z, y®, y®+h, | y(™) = 0, To DOPAKOK ypaBHEHESD
MOKHO IOHU3ETH, B3AB 3a HOBYI0 HEH3BECTHYI (PYHKIAIO HASMYIO
H3 NPOH3BOJUEIX, BXOJALIUX B ypaBHEHHe, T. ©. CHEJAB 3aMEHY
y(") == z,

2. Ecnmur B ypaBHeHme He BXOJUT HE3aBHCHMOe IE€pPEeMEHHO® I,
T. e. ypasuenue nmeer suy F(y, y’, vy, ..., y™) = 0, To nopsijiox
ypaBHEHHsI MOJKHO MOHM3HTH, B3SAB 3a HOBO® HE3aBUCHMOE Mepe-
MeHHOE y, a 3a Heu3BecTHyio QyHKIHIO ¥ = p(y).

IMpumep. Pemnrs ypasuenne 2yy” =y'* 4 1.

B ypasuenue ne Bxoyuur z. Ilonaraem y’ = p(y). Torya

y dy') dp(y) dp dy
¢ T =

T dx T dz T dy d=zx

Tloscrasasst y' = p u y” = pp’ B ypaBHenme, moayuuMm 2ypp’ =
= p? -+ 1. Hopsylox ypasmenu;g mnoumkeH. PemmB mnoxydenHO®
ypasrenune, mnaiigjem p = +)JCy—1. CaepgoBareabro, Yy’ =
= +}yCy— 1. N3 ororo ypaBEeEma moayyuM 4(Cy—1) =
= C*(z + C5).

3. Ecan ypaBHeHHE OJJHODOAHO OTHOCHTEJIBHO y H €ro IpOH3-
BOJHBIX, T. €. He MEHsIeTCs NP OJHOBDEMEHHOi 3amene Y, y’, y”,...
ua ky, ky’, ky”, ..., TO IOPARKOK ypaBHEHAsA NOHHKAETCs HOJACTA-
HOBKOH y’ = yz, rae z — HOBas Heu3BecTHAA PyHKIHA.

4. Tlopanok ypaBHeHUs! IOHHKAeTCs, €CIH OHO ABJIAOTCA Of-
HOPOJIHEIM OTHOCHTEJNHHO Z M y B 00OOImEHHOM CMEICIe, T. €. HO
MeHsIeTCsl OT 3aMeHBl r Ha kz, y Ha k™y (mpm aTOM y’ 3aMeHseTCsa
na km=ly’, y” —ma k™=%y” u r. 1.). Yto6H y3HaTh, OyAer au ypas-
HeHNe OJITHOPOAHBIM, M HAHTH YHUCIO m, HAJO0 HOPHPABHATL Jpyr
JIDYTy IOKa3aTeji CTeleHeil, B KOTOPHIX YHCIO k OyAeT BXOAHTH B
KasM/AB I uleH ypaBHCHHJ I@OCIe YKAa3aHHOI BHIME 3aMeHH.
Hanpumep, B nepssiii wied ypasaenus 2zty” — 3y? = z* mocne aroii
3aMeHBI yuciao k Oymer BXOAHTH B cremeEd 4 - (m — 2), BO BTO-
poii — B cremenu 2m, B Tpermii — B crenennm 4. CiiepoBaTelbHO, m
IOJKHO YHOBJIETBOPATH YpPaBHEHASM

4t (m—2) =2m =4

Otcioga m = 2. Ecau e moxyueHHERI® ypaBHeHHA usi m Gyayr

HeCOBMECTHBIMY, TO Ilﬂd)q)EPBHI.U’IaJIBHOG YpPaBEEHH® HE ABIAETCA
OJHOPOAHBIM B YKa3aHHOM CMBEICIeE.

ITocne Toro Kak 9MCIO im HaiiffeHO, HAfO CAeNaTH 3aMeHy Ie-
pemeHnbIx z = ef, y = ze™!, TAe z = z(t) — HOBajg HeW3BECTHAA
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JPysknuEs, a £ — HOBO® He3aBHCHMO® nepeMenHoe. IToxysmm ypas-
HeHHe, B KOTOpPO® He BXOAUT me3aBucEMOe mepemennoe f. Ilopamox
TAKOr0 ypaBHEHHd HOHWIKAETCA OAHAM H3 PaHEee DACCMOTPEHHBIX
cnocoGoB.

5. IlopsAROK ypaBHEHHS JIErKO IOHMIKAETCH, eCad YRAeTcsa mpe
o0pa3oBaTh ypaBHEHHe K TaKOMy BHAY, 9TO0OH o6e ero gacra sB-
AANACH NOJHKIMA NPOH3BOJHBIMA IO z OT KakmX-EEOYAL Qymxmmi.

Hanpmrmep, nycrs JJaHO ypaBHeHHe yy" =y'%. Jlena ofe wactu mHa
yy’, monydmm %7 = %’ (Iny) =(ny)’; WMy ’=Iny+InC;
y’ = yC. TopaAROK ypaBHeHNR HOHHKEH.

Pemzts ypasmenma 421—450.

421, z2y" =y't. 422. 2zy'y" =yt —1.
423. yoy" = 1. 424, y't 4 2yy" = 0.

425, y' — 2y’ 426. yy" +1—y'%.

427, y' (e +1) +y =0. 428, y" =y"%.

429, yy' =yt —y'. 430, y” =2(y" —1)ctgx.
431, 2yy” =y + y'% 432, y” + zy" = 2y'.

433. y* +y =ay". 434. v’ + y'* =2¢7Y,

435, zy” —y" —ay". 436, y — y? +1.

437. y" =¢". 438, y" —xy” + y"3=0.

439. 2y’ (y" + 2) = 2y"®. 440, y*— 3y = 1.

441, y* =By —2y)y". 442. y' 2y + x) =1.
443, y'* —2y'y” +1=0.444. (1 —20)y" + xy’ =2.
445, yy" —2yy’ Iny = ,y’2. 446, (' + 2y)y" =y'>
447, zy" =y’ + zsinZ 448, y"y't =y

';o
449. yy' +y =y
450. zy" =y + z(y"* + 2?).

Pemmry ypaBmemusa 451—454, Bocmonb3oBaBIIECEH
gopMyIoft, CBOAAIE MHOrOKPATHOE WHTETPEPOBAHUC K
opgaokparaoMy (cm. [1], ra, IV, § 2) m. 1).

451, zy'V = 1. 452, zy” = sin z.

453, y'’ = 2zy"’. 454, zy'V +y'' =e".

Pemnrs ypaBmemma 455—462, npeoGpasoBas mx Kk Ta-
KoMy BHAY, 9T00bl 00e wacTm ypaBHEHHs SBISIIACH IOJ-
HBIMA IPOM3BOJHBIMH,

455. yyn/ + 3y1y/t —_ O. 456. yrym — 2y112'

457. yy” =y’ (y’' +1). 458, 5y —3y"y'V =0.

459, yy" +yt=1. 460. y” =zy +y+ 1.

461. zy” =2yy’ —y'. 462. zy” —y = 2%yy’.
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B samauax 463—480 mommsmre NMOpAMOK MAaHHKIX ypaB-
HEeHO#, DOAB3YSICh WX ONHOPOAHOCTHIO, W PEIIATH 3TH

YpaBHeHHAs.
463. zyy" —ayt=yy. 464 yy' =y + 152 V7.
465. (22 + 1) (y'2 yy") = zyy'.
466, xyy” + xy = 2yy 467, 2?yy" = (y —zy')>.

468,

469.
470,
472,

" y
R
y(xy" +y ) =xy’2(1 — ). .
sy +yt=0. 471 22 (y" —2yy") = 2

zyy" =y (y+y’). 473, 4x%3y" = 2% — YA

474. " = (y —zy’) (y — 2y’ — ).

475. fz- 4yt =3z 4 W 2”

476. y" = (2xy——>y + 4y? —4—3.
z z

477, 22 (2yy" — y'*) =1 — 2zyy’.

478.
479.
480.

2 (y' —y") + oy’ = 22y’ — 3y V2.
24 (y"* — 2yy") = 4Py’ + 1.

’ ” 2 3
yy' + ayy"—ay't =t

B samauax 481—500, nonn3nB mopANOK AaHHBIX ypaB-
HeHWii, CBeCTH HX K yPaBHEHHAM nepBoro nopsfKa.

481.

483.
485.

486.
487.
488.

489,

490.
492,

494.
496.

497.
498.
499.
500.

s \2
vy (3+wy”) = y"- 482. y* —y'y" = (y?) :

yy' + 222" =xy'®. 484 y'? + 2xyy =0,
2zy? (xl/”+y)+1—0
yC(y”+y V=y'+y.
vy —2y")=y"
y@2zy" +y')=2ay +1.
Y+ 2y’ = (2:6 + é—) y’
yl’}‘/”’ =,%”2 + y,’:y”". 491, yy" =y ’+ 2zy2.
y =y —=yyy" 493. 2yy” =vy'.
y'y T =1. 495. vy =y’
2yy" +1=(1—y)zy’
vy + 2y"%y" 3yy”2

G Zardy=h
y (y/ " 2y3” ) — yyl yll + zylz.
22 (yy” —y"°) =2y’ — 3ayy'.
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B sagawax 501—505 maiite pemenns, ymXoBIeTBOPAIO-
mye 3aJaHEEIM HaYaJILHBIM YCIOBHAM.

501, yy' =2zy’" y(2) =2, y (2)=0,5.

502, 2y” —3y"*=0; y(0)=—3, ¥’ (0)=1, y" (0)=—1.

2

503. 22" — 3zy’ =%—-4y; y()=1, ¥y (1) =4

504. y” =3yy’; y(0)=—2, y'(0)=0, y"(0)=4,5.

505. y”cosy + ¥ siny=y"; y(—1) =%, ¥’ (—1)=2.

506. Haiitm KpumBeie, y KOTOPHX B a1000if TOuKe pa-
J[Uyc KPUBU3HEI BBOe 0OJiblme OTpPe3Ka. HOPMAaJH, 3aKII0-
YEHHOTO MEAY dTOM TOYKOH KpHBOH ®W oOCchi0 abcmmcc.
Paccmorpers asa ciydas: a) kpuBas oOpamjeHa BEIOYK-
JlocThI0 K ocu abcmuee; 6) BOrHyTOCTBHIO K ocu abcmmcc.

507. Haiitm KpuBble, ¥ KOTODHX pAaAMyc KPUBH3HEI
o0paTHO MPONOPIUOHAJEH KOCHHYCY yrja MeXgy Kaca-
TeJXBHON I ochi0 albcmmcc.

508. Onpepmenuts opMy paBHOBECHsT HEPACTIKEMOIL
HATH C 3aKPelUIEHHEIMH KOHIAMH, Ha KOTODPYIO [eficTByeT
Harpys3ka Tak, 9T0 Ha KaKAYI0 eJUHALY [JIUHE TOPH30H-
PAlbHOM IPOEKNMH HArPy3Ka OJUHAKOBA (OENH NEMHOrO
Mocta). Becom camoii HuTH mpesebpedsb.

509. Haiitm ¢opMy paBHOBeCHs OFHOPOXHOA HepacTsi-
JKEMoOll HATH (C 3aKpemVIeHHHIMA KOHIOAMHE) IOJ JeicT-
BHEM ee Beca.

510*. JloxasaTh, uTO ypaBHEeHHe ABHKEHHA MAaATHOKA

y” +siny =0 mMeer wacrHoe pemenme y(z), cTpeMsa-
meecsa K 5t OpH & — + oo,

§ 11. IHNHENHBIE YPABHEHHUA
C IIOCTOAHHLIMHA KO3POPUITMEHTAMHA

1. Urobn pemuTh JNEHE{HO® OFHOPOJHOe YDPABHEHHE C MOCTO-
AHEHIMA Ko3(rImerETaMA

ay ™ + @y ...t @1y’ +any =0, (1)
HaJl0 COCT2BHTh XapaKTePACTHIOCKOe YDABHEHHO
aAM +aAr 't ... Fan- A+ a,=0 2)
¥ HA{TH BCe €ro KOPHH Ay, ..., An.

O6mee pemenme ypaBHeHHA (1) €CTh CyMMa, COCTOAIAA U3

Ajx
caaraembix BEfa C;¢ ' [JIA Kam[Oro IPOCTOro KOPHA Ag ypapHe-
HAA (2) 7 ciaraeMBIX BHAA

(Cms1 + Cmso2z + Cmysz® + ...+ Cngaz—1) e (3)
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7nA KajKAOro KpPaTHOTO KOpHaA A ypaBHemzma (2), rae k— kpar-
HOCTH KOpHs. Bce €y — npomsBoabHEe mocrosaEnie, Koaddunuen-
THl ypaBHeHHA (1) m KOpHE A 31ech MOryT GHITH BEIMIeCTBeHHHIME
HIA KOMIIIEKCHBIMU.

Ecan xe Bce koahdunuenTs ypasaenus (1) semecTBEHHH®, TO
pemieHre MOKHO HAmUcaTh B BeLOeCTBeHHOH (opMe W B ciaydae
KOMIUIEKCHEIX KoOpHeil A. [ KasK[qoil mape KOMIVIEKCHRIX COIpS-
JKeHHBIX KOpHe# A = a = Bi B dopmyny ofmero pemeHHEs BKIIO-
9al0TCA ClaraeMsle

Ceny1€%* c0s Bz + Cmy2e%* sin Pz,

ecid 9TH KODHH NPOCTEIG, M CIAaraeMule
Py_(z)e** cos Bz -+ Qr—1(x) e** sin Pz,

ecim KasK[Hii W3 KopHeii a - Bi m-a— Bi mmeeT KpaTHOCTH k.
3neck Pr—y u Qr—y — MHOTOWIOHH cTemeHH %k — 1, aHaJOrAIHEI0
MHOrOwIeHY B (3), mx Ko3(PPUOEeHTEH — OPOA3BOJBHE® MO-
CTOSIHHEIE.
INprmep. Pemnrs ypasmenmme yV— 2yIV — 16y’ + 32y = 0.
ITumeM XapakTepUCTHUECKOEe ypPaBHeHH®

A5 —2)4 — 164 4 32 = 0.

Pasnaras JIeBYI0 JaCTh Ha MHOKHATEJIA, HAXOAPM KODHH:
(A—2)(M—16) =0, (A—2)*(A+2)(A*+4) =0,
M=Ay=2, A3= —2, Ay = 2i, As = —2i.

ITo u3M0KeHHBIM BHINE IPABHJAM NHMEM o0IIee pemeHne
y = (C) + Cozx)e** 4 Cse~% + C, cos 2z 4 Cs sin 2z

;vc'ren;m, muorowtesa C;+ C,z Ha 1 MeHbIIe KPaTHOCTH KODHA
= 2).

2. Insn MAAENHLIX HEONHOPOAHHIX YPaBHEHHH C HOCTOSHHEIMHA
kKodpPEnreETaME B ¢ IIPaBOif UACTHIO, COCTOAIMPH W3 CYMM W IIPO-
m3sefeHdii gynxmaii . bo + bz + ...+ bmaz™, e**, cosPx, sin Pz,
9aCTHOE PEIIeHHe MOKHO HCKAThb METOAOM HEeOoNmpefeJeHHHIX Kod(-
¢unuenTos.

Jlnsa ypaBHeHWi ¢ mpaBO# 9acThI0 Pp,(z)e’, rue Pn(z) = bo 4
+ bz + ...+ bnz™, YacTHO® pEmMEHEe MMEET BHJ

Y1 = 2°Qm(z) 275, (4)

rage Qm(z) — MBorownen Toii jke cremeEm m. Ymeano s = 0; ecam
Y— He KOpeHb XapaKTepHCTHYECKOro ypaBHeHHMsA (2), a ecim Y —
KOpeHb, TO s PAaBHO KPaTHOCTH 3TOro KopHsa. UTOOH HaiTh K03d-
¢unnesTsr MEorowrena Q. (z), Hago pemeHme (4) HOACTABHTHL B
ouddepennuansHOe ypaBHEHN® H NPAPaBHATH K0aPdrnumeRTH mpm
nono0HBIX WIeBax B JIEBOH W NPaBoii YaCTAX yPaBHEHHA.

Ecian B mpaByio 4acTh ypaBHeHHS BXONAT CHHYC H KOCHHYC, TO
EX MOJKHO BHIDA3HTH 4epe3 MOKasaTeapHYI (yHKmEIO 10 (opmy-
JaM direpa

cos fz =

ipx —ifx ipx __ —ifx
_e_—ge_’ sin fzr = £ 2; (5)

M CBECTH 3aJa1y K y’Ke PacCMOTPeHHOMY CAydalo,
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Ecnm xe xo3dHmmenTs JEBOH YacTH YPaBHEHHS BEMIECTBEH-
HBI, TO MOKHO O0oOiiTCL 6e3 mepexofjla K KOMIJIEKCHHIM (YHK-
uusM (5). JIAA ypaBHEHMsI ¢ IPABOH YaCTHIO

e**(P(z) cos Pz + Q(z) sin pz) (6)
MOHO HCKATh UACTHOe PEmeHue B BHJO 4
y1 = z%e**(Rn () cos pz + Tp,(x) sin pz), (7)

rae s =0, ecin o fi He KOpeHb XapaKTEPUCTHIECKOr0 ypaBH6-
HHsI, @ S PAaBHO KpPaTHOCTM KOPHA o.- Bi B OpOTHBHOM ciydae,
a Rp, u Ty, — MBOTOWIEHHI CTENEHHW m, PABHON Hamboabmeil ms cre-
1edeli MEOrOwIeHoB P #m Q. UroOH HaiiTm K03P)@UNEEHTH MHOro-
yieHoB Rm W T, 1Aj[0 DOACTAaBUTH pemeHHe (7) B ypaBHEHAe H
IPUPABHATH KO3(PUNAEHTH npA HOAOGHBIX WIEHAX.

Eme ofmH MeTO[ OTBICKAHMs JACTHOrO PEMIEHWS YPABHEHHUA C
BemecTBeHHEIMA KodgdumuenTaMa m mpasoit gacreio Bupma (6) co-
cTonT B caenyiomeM. CHagala pemaioT ypaBHEHHUE ¢ MPaBOil 4acThIo
P (z)e‘®+fi)* BemecTBeHHAsI YaCTh ITOr0 peImeHds1 OYyAeT pemeHH-
eM ypaBHeHHsA C IpaBoii aacTeio P(z)e** cos Pz, a MEEMas — pemie-
HieM yYpaBHEHUs C IpaBoif yacThio P(z)e%* sin Pz.

Ecaix mpaBasg vacTh ypaBHEHHsI paBHA CyMMe HECKOJBKHX
¢dyarmal smpa P(z)e’™ u Bapma (6), TO YACTHOE pEIIEHHE OTHIC-
KHBAETCS IO CIeLyIOmeMy IpaBUIy.

UacrHOE pemeHne JHHEHHOro ypaBHEHHA C OPaBOil YaCThHIO
fi +...4 fp paBHO cyMMe uUacTHHIX peNIeHHIl YDaBHOHH C TOH 3Ke
JIeBOM 9aCThI0 M MPABBEIMM JAaCTAMIA fy, ..., fp.

O0mee pemenite JAHEEHAHOr0 HEONHOPOJXHOTO YPaBHEHMS BO BCEX
€Iyvyasix PaBHO CyMMe 9YacTHOr0 PemeHss 3TOr0 ypaBHEHHA H 00-
1[er0 pemeHus ONHOPOJHOTO YpaBHEHHsA C TOU jKe JIeBOH dYacThio.

IIprmep. Pemnth ypaBHEHHO

y/// — By” + 9!/’ = ze¥ + e3* cos 2z. (8)

Xapaktepucruueckoe ypasHerme A3 — 6A2 4 9A = 0 mmeer Ko-
peiib A = 3 kpatHOCTE 2 u Kopemb A = 0 kpatHoctm 1. IloaTomy
ofimee pemeHWe OJHODOAHOTO YDaBHEHHS HMEeT BHJ Yo =
= (Cy 4 Cyz)e** 4 Cs.

ITpaBas wacts (8) cocromT m3 ABYx ciaraemsix Bmpa (6); mis
nepsoro Y = a + Bi = 3, a gaa sroporo o -+ Pi = 3 + 2i. Tak Kar
9TH YHCJIA Pa3iWYHE, TO HAJ0 MCKATh OTAEJLHO JAaCTHHE DEIIeHHs

ypaBHeHHit
yrn —-— 6yll + gyl — zes::, (9)
y'’’ — 6y’ + 9y’ = e** cos 2z. (10)

Yucno Y= 3 ABIAETCSI KOPHEM KPATHOCTH s == 2, TOJTOMY
nacTHOe pemeHue ypasHeHus (9) coriacHO (4) mMeer BuMp y; =
= z2(az + b)e3*. Iloncrasus y = y; B (9), Hainem a = 1/18, b =
= —1/18.

Manee, ancao o + pi = 3 +2i He ABIAETCA KOPHEM XapakTe-
PHCTHIECKOr0 YPABHEHHAA, MOITOMY 9aCTHOE DEMEHH® YPaBHOHHA
(10) cormacuo (7) mmeer BHE Y, = €*(c cos 2z 4~ d sin 2z). Ilox-
cTaBuB y = yp B (10), HaiineM ¢ = —3/52, d = —1/26.

OGmee pemenme ypaBHeBHA (8) paBHO ¥y = Yo+ Y1+ Yo, THE
Yo, Y1, Y2 yIKe Haii[enLL.

3. JImmeiinoe HeoqIOPOLHOE ypaBHCHIIE

aoy(‘”) +al”("_” +...+any = f(:) (11)
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¢ moboit mpaBoii gacTeio f(z) pemaeTcss METOROM BapHandW HO-
crosEREIX. Ilycts Haiimero pemenune y = Cyy, + ... 4 Cryn avneir-
HOr0 OJLOPOJHOr0 YPaBUCHHsI € TOil Ke JeBoil uaerblo. Torpa pe-
meHne ypaBuesma (1) mmerca B BU®

y = C,(z{)yl + ...+ Cu(z)yn.
@ynxupa C;(z) ONPEASIATCA U3 CHCTEMBI

Cy,+...+Cpy, =0,
Cyt ..+ Chyp =0,
® & & ¢ 0 & ° o o o+ o+ o+ o e o . .« .

CHP D+ L 4 D =,
oy (CH 0+ o C ) = 1 @)
4. YpaBHerume Jilmepa
agz™y ™ + ai@ 'y D 4t aaizy’ +any = [(z)  (12)

CBOJTUTCST K JIUIIEHHOMY YpPaBHEHHIO C NOCTOSHNBIMU Kodddurimen-
TaMH 3aMeHoii He3aBUCUMOr) LepeMenuoro r == e' npu z > 0 (miu
z = —e* mpu x < 0). [Jasa DONYydeHIIOro ypaBAEHUs C IOCTOSIINBI-
Mz Kod(HmueHTAMA XapaKTEPHCTHUECKOE ypaBNnemue uMeeT BHJ|

ahA—1)(A—2)...(A—n-+4+1)+...

cee + an-—zl(A —_ 1) + an—l}v + an = O.
IIpa cocTaBIeHHN DTOr0 ypaBHENHs Kaskjgoe mpomsBefeHme zty(*) B
(12) sameHseTcss Ha Ipom3BefleEHe k yOmBajommx Ha 1 umceu:

AAM—1)(A—2)...(A—Fk+1).
IIpamep. Pemnrs ypasHenme

23y — 2%y’ + 2zy’ — 2y = 23, (13)
Cpa3y nmmeM XapakTepECTHYECKO® YDPABHOHWE H DOIIAeM ero:
AMA—1)(A—2)—A(A—1)+24—2=0, (14)

A=A —3A+2) =0, M=A=1, h=2

IIpm Taxmx A obmee pemeHHEe ONHODOAHOIO ypanﬂlenm{ ¢ HOCTOsH-
HEIME KO3(dunmentTaMa uMeeT Buj (coraacHo m. 1)

Yo = (Cl + Cgt)et + Cae”.

YroOH pemnTL HEONHEOpORHOe ypaBHeHme (13), cHauama pac-
kpoeM ckoOkm B (14): A3 —4A%2-4- 50— 2 = 0. Ilo aToMy xapak-
TEPHCTUYECKOMY YPABHEHHIO COCTaBJIsAEM JEBYI0 9acTh auddepen-
NUAJBLHOTO YPaBHEHW:d, a HpaByld YacTh LOJNyJaeM H3 NpaBOil va-
cru (13) 3amenoil z = e':

yy —4y; + 5y, — 2y =3,

Tag Kak THCIO0 3 Me ABJIAETCA KOPHEM XapaKTePUCTHUYECKOTO ypaB-
nenwsg, To Uacrioe pewenne uigeM B BHJE Yy = ae3l. HOJICT&BJ]H}I
B ypasnenue, naxoguM a = 1/4.
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CnepoBaTenbHO, 00Iee PEeIMEHHNe HMEET BHJ
1
y=y+u=©C 1+ C)e +Ce + 7 ¥ =
) 1
+(€,+Cma) g4+ 2 (z>0).

Ilpm z < 0 momywaercs amajormiHag ¢opmyna, BO ¢ ln |z]| Bume-
cto ln z.

5. Mna pemenus 3amad 635—640 m 879 Mo)KHO HONB30BATHCA
CIEeAYIOIUMHA 3aKOHAMU TEOPHU DIEKTPHIECKHEX Lemeil.

Jlag Kamoro ysia memd cyMMa BceX OPHTEKAIONEX TOKOB paB-
Ha CyMMe BHITEKAIONIUX TOKOB.

Anrefpanmaeckas cyMMa HaOPS/KOHHN HCTOYHAKOB 10Ka, COgep-
JKAIIAXCA B JI000M 3aMKHYTOM KOHTYDe IlelH, parHa aiareCpamde-
CKOll cyMMe HafieHH# HaOPAKEHHI Ha BCEX OCTAJBHHIX yJacTKax
9TOr0 KOHTYpa.

ITaperne mamps:kemms Fa compoTmpieEma R paHO RI; mape-

d
HOe HaODAKeHHA Ha camMoumEAyKnua L pasHo L gt DajieHHe Ha-
IpAXKeHAA Ha KOHJeHncaTope emiocrda C paBuo g/C, rge ¢ = q(t) —

: q
3apsAj KOHJIGHCATOPa B MOMEHT #; IpH dT0M ~7; == I; BO BCex Tpex

caygaax I = I(t) — cmia TOKa, IMPOTEKAIOmMeEro depe3 paccMaTpH-
BaeMHil yIaCTOK IIeIH B JAHHEINA MOMEHT {. B aTmx popmynax I BhI-
paskaeTca B ammepax, R — B omax, L — B reHpH, ¢ — B KYJOHAX,
C — B dapafiax, t — B COKYHAAX, HaOpsyKeHNe — B BOJBTaX.
IIpumep. IlocaexoBaTeNbHO BKIIOYCHH: HCTOYHHK TOKA, Ha-
IpAKeHNe KOTOPOro MeHseTcsa mo 3aroHy E = V sin wf, comporms-
jJeEwe R m emMrocTh C. HafiTm cmay Toka B IeOd IOpH yCTaHOBMB-
meMcsa pexmMe 1),
Pemermme. Cmma toka I = I(t) Ha mio00M ydJacTKe LeOE Of-
Ha  Ta e (o0 3aKOHY O HOCJIeROBaTelbHOM coefuHeHmm). Ilame-
HNE6 HANpsKeHHd Ha CONPOTHBJIeHMH paBHO RI, a Ha eMKOCTH g/C.

Creposateasro, RI - -(%- =Vsinof. Taddepernupys H DOAL-

d
8YyACH TeM, 9TO ﬁ' = I, nonyaum ypaBHEHH®

al I
R—or + < =Vocosot, (15)

9T0 — J@HEHHOe ypaBHEHAe ¢ NOCTOAHHEIMA KoapdmmuenTamn, J{is
OTHICKQHHS YCTAaHOBHBINErOCA DEKAMa HaliileM IePHOAWIECKOe pe-
MIeHNMe 3TOr0 ypasHeHMs. Vcxofs HM3 BHAAa IpPABOH JacTA ypaBHe-
HEA, AOIEM DEINeHUe B BAMS

I = A, cos wt -} B, sin ot. (16)
IToncrasasa (16) B (15) m npupaBHEBas KO3P(UOEEHTH OPH IIO-

JO0OEIX WIEHAaX, HONYIUMM CHCTeMY JIByX ypaBHeHHI, M3 KOTOpOii
Mo:kno HaiiTu A; u B,. Ho B 2JIeKTpOTEeXHHNKe BaKHE® 3HATH HO KO-

) VcramosmBIaMCsT PEKHMOM HA3LIBAETCA TaKoOil, IpH KOTO-
POM CHJIa TOKA HOCTOAHHA MU MEHSETCs [EePHOAUYECKH.
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sfprunentsr A, m By, a aMIIATYly M3MEHEHHs CHJIBI TOKa. Ilo-
3TOMY BHIpasKkeHue (16) mepemmCHIBaIOT B BHIE

I = 4 sin (0t — ¢). (17)

TonicraBasia (17) B (15), mepexofs K TPHTOHOMETPHIECKAM (PyHK-
OuAM YrIA0B ®f M @, NpUpaBHUBAsI KO9PPUOAEATH cHavama HpH
sin ©t, a 3aTem npn cO0S t, MONYyIHM

A
RAmsincp—I——cOS(p———O, RAwcos 9 — —sinp="Vao.
[3 4

Orcioma HaiimeM v

VE +(@0)*

ITossicnmM, nmouemy HailijleHHOe NEepHORMYECKO® DemeHme Ha3Hl-
BaeTcsa yCTaHOBHBMHEMCS peskmMoM. OOmjee pemeHHMe ypaBHEHHS
(15) paBHO cyMMe HaiffleHHOro JacTHoro pemenus (17) m oGmero
pemenns JAHEHOro OJHOPOAHOrO ypannemm

dI
o+ =o. (18)

1
Be=—Te 4=

Tak xaxk pemenne ypasHemms (18) I = Ke~!/RC (3mecr K — mpo-
H3BOJNIBHAST TIOCTOAHHAs) CTPEMHTCS K HYJIIO IpH t— - 00, TO J I0-
60e pemenme ypasHenus (15) mpm f-» -+ oo neorpannqenno opa-
Oauskaerca (A MPUTOM BechMa OBICTPO) K HalileRHOMY mepHoOfHYe-
cKomy pemenmio (17).

Pemmurs ypanmenns 511—548.
Si1. y” +y ' —2y=0. 512 y"+4y'+3y=0.

513. y” — 2y’ =0. 514. 2y” — 5y +2y=0.
515. y” — 4y’ +5y=0. 516. y" +2y + 10y = 0.
917. y” +4y=0. 518. y'’' — 8y =0.

519. y'V—y=0. 520. y'V+ 4y =0.

521. yV'+ 64y =0. 522, y” —2y' +y=0.

523. 4y” + 4y’ +y=0. 524 y"—6y"Y+9y""" =0.
525. y¥ — 10y’’’ + 9y’ = 0.

526, y'V+2y” +y=0.

527 ylll _ 3y” + 3yl — y — O.

528. y'"' —y”" —y'+y=0.

529. y'V —5y” +4y=0. 530. y¥ + 8y’’’ + 16y’ = 0.
531. y’’' — 3y’ +2y=0. 332. y"V+4y” +3y=0.
533. y” — 2y’ — 3y =e*. 534. y'' +y = bze.

535. y” —y=2e*—z2.  536. y” +y’ — 2y =3xe
537. y”"— 3y’ +2y =sinzx. 538. y'' +y =4sinz.
539. y” — by’ + 4y = 4a%e”.

540. y” — 3y’ + 2y ==z cos z.

541. y” + 3y’ — 4y = e * + ze=.

542, y” + 2y’ — 3y = a%e*.

543. y” — 4y’ + 8y = €% + sin 2z.
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544. y” — 9y = e*cosz. H45. y” — 2y’ + y = 6ze®.
546. y” + y =z sin z. 547, y” + 4y’ + by = ze®.
548. y” — 5y’ = 3x? + sin 5z.

B samagax 549—574 pua KasKmoro m3 JaHHEIX ypas-
HeHO# HamACaTh €ro 9acTHOe pelleHHe ¢ HeoIpejeleH-
HEME Koa(pdunmeRTaMu (THMCIOBHIX 3HAUYEHWHA Koa(dm-
IEeHTOB He HaXOI(KTB).

549. —2y'+2y=e*+zcosz.
550. y” + 6y + 10y = 3ze~% — 23 cos z.
551. y” — 8y’ + 20y = 5ze** sin 2z.

552. y” + 7y + 10y = ze~% cos 5z.

553. y” — 2y’ + 5y = 2ze* + e* sin 2z.

554. y” — 2y’ + y = 2ze* + ¢* sin 2.

555. y” — 8y’ + 17y = e** (2% — 3z sin z).

556. y’’’ +y’ =sinz + z cos z.

557. y”' — 2y” + 4y’ — 8y = ¥ sin 2z + 222

558. y” — 6y’ + 8y = Hxe* + 2¢* sin x.

559. y” + 2y + y= z(e™* —cos x).

560. y "—y” —y +y=3e+5zsinz.

561. y” — 6y’ + 13y = x2e3" — 3 cos 2z.

562. y” — 9y = e~*(2? + sin 3z).

563. y"V+y”=Tz—3 cos z. 564. y” + 4y=cos x - cos 3z.
565. y''' — 4y” + 3y’ = x? + ze*.

566. y” — 4y’ + 5y = e**sin® .

567. y” + 3y’ + 2y =e=cos? z.

568. y” — 2y’ + 2y =(xz + ¢*)sinz.

569. y'V + 5y” + 4y = sin z - cos 2z.

570. y” — 3y’ + 2y = 2%, SM. y" —y=4dshux.
572. y'' + 4y’ + 3y =chz. 573. y”+ 4y=sh z - sin 2z.
574. y” + 2y’ + 2y =chz -sinz.

Pemmnts ypaBremnma 575—581 cmocoGoM Bapmammu mo-
CTOAHHEIX,
575. y" — 2y’ +y==. 576. y" + 3y + 2y =

z

]

1
e 41

877. Yy + y = S 578. y" + 4y =2tg .

579. y” +2y +y=3e=Vz+1. 580. y”+y = 2seciz.
581*%. 23 (y"" —y)=127—2.

Haiite pemenns ypamenmit 582—588, ynomersopsio-
(e yKazanmiusiM HATAMLALIM YCTOBASM.

582. y” —2y'+y=0; y(2)=1, y'(2)=-2.

583. y” +y=4e: y(0)=4, y' (0)=-3.
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584, -2y =25 y(1)=-1,y'
585. y” + 2y’ + 2y ==ze™; y(0)= 0.
586. y'"' —y' =0; y(0)=3, y’g))>=—1, y (0)=1.

; 588. ‘,",-l- = 2 cos z; y(0)= -2, y' (0)=1,
¥y (0)=y""(0)=0.

B.sagagax 589—600 pemmts ypasuenusi diuiepa.
589. z%y” — 4xy’ + 6y =0. 590. z%y” —zy’ — 3y = 0.
591, 23y + a2y’ —y=0. 592. 2%y =2y’.

593. z%y” —zy’ + y = 825,

594, x%y” + zy’ + 4y = 10z.

595. z%y” — 22y =61n z.

596. z%y” — 3zy’ + 5y = 322

597. 2%y” — By = 52° + 822.598. 2%y” — 2y = sin In 7.
599. (z—2)%" —3(x—2)y’ +4y==.

600. (2z+3)%y’"”" +3(2z+ 3)y’ — 6y =0.

IlpaMensas pasiuuyEble METOABI, PEIIATH YPAaBHEHUA:
601. y”+2y’'+y=cosiz. 602. y”—2y'+y==ze*sin’iz.
603. y”+ 2iy = 8e*sinz. 604. y”+ 2iy’ —y==8cos=.

605. y'’’ — 8iy = cos 2z. 606. y" — -2;!-; = 3 In(—2).

607. y”+2y’+y=xe"+i
608. y” + 2y’ + 5y = e’“(cos z+tgzx).

609. 22" — 2y — 3{’_

610, 2%" — a2y’ +y = nx+_l%5'

611*, y" 4 y = f (2).

612*, Kakme yca0BHA OCTaTOYHO HAJOMKHUTb HA (DYyHK-
naw f(z), 9ro6n Bce pemenma ypaBHeEms sajaum 611
0CTaBaJWCh OrPAHUYCHHBLIMA IpPH X —> -+ ©?

B zamavax 613—618 moctpomThr nmEeiHEI®e OFHODOX-
Hele [nuddepeHUTATbHEE YPABHEHAA € IOCTOSHHBIMO
Koappunmenramn (BO3MOKHO Gojlee HH3KOrO IOPSAKA),
AMeInAe JAaHHEE YaCTHHIE PEeIIeHU.

613. y, = 2%". 614. y, = e* cos z.

615. yy ==z sinz. 616. y, = ze* cos 2.

617, y, = ze*, yo =e7* 618. y; ==z, y; =sin z.

619 Ilpn xaxmx a m b Bee pemiends ypaBHeHAT y" +
+ay’+by=0 orpaBuueEsl Ha BCed YACIOBOH OCH
—o<z<oo?
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620 IIpn xakmx a m b Bce pemenns ypasHerns y~ +
+ay’ + by = 0 crpemarca K mya0 opm z-r + oo?

621. Ilpm kaxmx a m b ypaBmemme y” +ay’ + by =0
mMeeT XoTA Obl OfHO pemeHme y(z)+ O cTpeMAmeecH K
HYyJ0 IpA £ — + oo?

622, Hpn KakOX @ W b Kask[oe pemeHWe ypaBHeHH:A

" +ay’+ by =0, rpome pemenns y(z)=0, MOHOTOHHO
BoapacTaeT o abeomoTHON BeJMYMHE, HAYMHASL C HEKO-
TOpOro z?

623, Hpn KaKmX a ¥ b Ka)KJoe pelleHHe ypaBHEHHS
y” +ay’ +by=0 oGpamaercas B Hyar Ha GeCKOHEIHOM
MHOKEeCTBe TOUEK I?

624*. Ilpm wakEx a¢ m b Bce pemenma ypaBHemms

“+ay’+by=0 ynoBIETBOPAT COOTHOMEHAID Y =
—o( ~*) mpa x — +oo?

625*. ITna sapamnoro b >0 momo6pars Takoe a, mpm
KoTopoM pemenme ypasuemmsa y” +ay’+by=0 ¢ na-
vansapMa yeaosaama Y (0)=1, y’ (0)= 0 Bosmoskno Gni-
cTpee CTPEMATCH K HYJIW mpm X — oo,

626. Ilpm kakmx k& m o ypaBmemme y” + k?y = sin ot
nMeeT xoTA OB OJJHO IEpHOIMYEcKoe penreHme?

627. Hailtm mnepmojm9eckoe pellieHHe ypaBHENHA
Z+ ax+ bx = sin ¢ m napucoBaTh rpa)HK 3aBECAMOCTH
€ro aMIIATY/E OT BeJHIWHHEI .

628. Haiitm nepumoamueckoe pelnennme ypaBHENHs
i+ atdr=e* W Ha KOMIUIEKCHOM ILTOCKOCTH HaTep-
THTH KPHUBYIO, KOTOpYI0 mpoGeraer aMIUIATYANBIA MHOMKH-
TeJNh HTOr0 pellenus npu maMmenenmu @ oT 0 go +oo.

629*, Tano ypasnemme y” +ay’ + by = f(z), upuuem
[f(z)] S m(— <z <), a KODHA XapaKTEePHCTAYECKOTO
ypaBaenuss Ay <A; <<0. Haiirm pemenme, orpanmdenHoe
npa —o <z << o, [lokazaTh, 9T0 a) BCe OCTAJbHEIE pe-
IIeHNs1 HeOTPAHWYeHHO MPHOIMKAIOTCA K 9TOMY pEIIEHHI0
npu r — +oo, 6) ecam f(r) mepmommueckas, TO 3TO pe-
UIeHHE TOYKE IMEePHOTAIECKOe.

Y xkasaumne. [IpaMeanTs MeTo Bapmanum NOCTOARABIX. Himx-

Hue Tpelelbl IOJYYeHHBIX HHTErpajoB B3ATH 0eCKOHEYHHIMH Ta-
KOro 3HakKa, 4TO0BL MHTErpaJbl CXOIHWIHACH.

B sagavax 630—632 npmEATH, 9TO NMpE OTKIOHEHHH
rpysa OT MOJNOKenAs paBHOBeCHs HA pPacCTOSHAE Z IpPY-
JKEHA MeiicTByeT Ha HEro ¢ CHJIOA kz, HAOpaBIEeHHOH K
[OJIO}KEHNIO PaBHOBECHA.

630. Hajitm mepmon cBoGOAHHIX KoJeGamMN Macce m,
DOJBeIIEeHHOA K NpYKAHe, eCAE IBHKeHHe HPOHCXOJHT
0es3 CONpPOTHBIEBHA,

46



631. Opun Komer mpY/KHHEI 3aKpelJieH HeIOJBHIKIIO,
a K JIpyroMy mpuKpemien rpys maccst m. llpu pemmennu
Fpy3a €O CKOPOCTLIO U CHJIA COOPOTHBIICNHA PaBHA AU.
Ilpu ¢ =0 rpysy, HaxomuBLIEMyCS B IOJOKEHHM PaBHO-
Becus, coolueHa CKOpPocTh Ug. McciuemoBars pBHKeHHE
rpysa B ciydaax h® < 4km m h? > 4km.

632. Pemnts mpeppIAyINy0 3a7ady OPU JIONOJHHETEN b
HOM YCIJIOBHH, UTO K TPy3y NpUJOKeHa ellle IepHojmye-
cras Bnewnmaa cmia f= b sin o¢. Ilokasars, uro mpu Jro-
ObiX UavaJbUBIX YCIHOBHAX JBIDKenHe rpysa Oyjer
UPUGIIKATHCA K LEPUOJHUCCKOMY I LAiiTil DTO HEepHOJH-
YecKoe JBIDKeHUE (BBHLHYIKJCHIbIE KOJeOalHs).

633. Ha xomme ympyroro crep;kHs yKpeIliema Macca
m. Jlpyroit Komer ctep:kufg BAGPUPYET TAK, UTO Cro CMe-
menue B MoMent { paBHo B sin of. Ympyras cmma, Bo3-
HUKAWIIAsg B CTEPKHe, OPOIOPIMOHAIBHA PA3HOCTH CMe-
mennit ero xommoB. Haiitu amMmiutyay A BBIHYKJIEHHBIX
roscOanuit Mmaccst m. Mosker qm Oeith A > B? (Maccoit
CTEpKHS U TpeHmeM mnpenebpeys.)

634. Yacruma Maccet m pasmikercsa mo ocu Ox, or-
TankmBasch or Touku r =0 c¢ cmuoit 3mry u mpuTATHBa-
ACh K TOUKe X =1 ¢ cuioit 4mry, rjge ro U ry — paccros-
Hue 7o 3tux ToueK. Ompefenurth ABHIKeHHe YacTHNOHL C
HAYaJILHBIME YCIOBAAMHA

z(0)=2, &(0)=0.

635, duexTpuueckas mEOb COCTOHT M3 HOCIEHOBATENb-
10 BKJIOUCHIILIX HMCTOUYHHAKA HOCTOSHIIOT0 TOKA, AAIONe-
ro nanpsyKenue V, comporusieHus R, camowHAyrumm L
1 BBEIKJIOUATENA, KoTophlil Briaoyaercs npa ¢ = 0. Haiitu
BAaBHCHMOCTL CHJIBI TOKa OT BpeMenm (mpu ¢>>0).

636, Pemmts mpeApgymyio safady, 3aMeHHB CaMOMH-
nykouoio L xompenmcaropom emroctm C. Hompmencarop o
3aMBIKAHHS IEON He 3apssKeH. '

637. IlocmepmoBaTelNbHO BKIIOYEHH CONPOTHBIeHHE £
u Kompmemcatop emrxoctm C, sapsg Koroporo mpm & =0
pasen ¢. llens 3ampikaerca mpu ¢=0. Haiitm cmay Toxa
B nenn mpu ¢ >0.

638. IlocmepmoBaTesbHO BKINYEHH CAMOMHAYKIEA L,
conporuBienne R m KomgeHcatop emkoctm C, 3apsaf Ko-
roporo mpa t=0 paser g¢. Llens sameixaercsa mpm ¢=0.
Haiitm cmiy TOKa B Hemdm W YacTOTy KoJe0aHmi B TOM
cayuae, Korjga paspsj HOCHT KodeGaTeXbHBIH Xapaxrep.

639. IlocnemoBaTelbHO BKIIOYEHH MHCTOYHOK TOKA, Ha-~
mpsaKeHme Koroporo MemsercAa mo 3akomy E =V sin ef,
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conporuBieHne R m camommpgyknus L. Haitrm cmay Toka
B Ienn (yCTaHOBHBIIUHACA DPEKEM).

640. IlocaemoBaTenbHO BKIOYeHH: HCTOYHAK TOKA,
Halps)KeHHe KOTOporo MeHsAerca mo 3axomy E = V sin of,
conporuBiaenune R, camomagyknusa L m emixocts C. Haiita
CIUy TOKa B Hemm (ycrasoBmBmmiicsa pexum). Ilpm ka-
Koil JacToTe @ cHJa TOKAa HamGoabmas?

§ 12. JUHEAHBIE YPABHEHUSI
C HEPEMEHIIBIMA KO3®OPUIUEHTAMHA

1. BoapmuBECTBO 3afja1 3TOro maparpaga peImaercsa ¢ MOMON[LI0
MeTo[[0B 00meil Teopuu JUHEHHHX AAQ@epeHnraNbHEEIX ypaBHEHHI
(cu. [1], ra. V, § 2, § 3 unm [4], ra. 2, § 3, § 5) m MeTofOB Ka-
YeEeTBEHHOI0 HMCCIE0BAdMs JUHEHHHX ypaBHEHHHA BTOPOro HMOPAAKA
(em. [1], ra. VI, § 2, o. 1, m. 3). K ocranpHBIM 3afayaM JaHH yKa-
3aHNA WM CEBLIKM HA JHUTEPATYpy.

2. Eciz m3BeCTHO 9acTHOe PEmEHNe Y, JHHEiHOro OJHOPOJHOTO
YPaBHEHHUA n-ro MOPAAKA, TO HOPAAOK YPABHEHHS MOKHO HOHH3HTE,
coxpaHssa JHHEHAHOCThL ypaBHeHmA. [lJIa 3TOro B ypaBHEHHe HaJ0
HOJCTaBATh y == yiz W 3aTeM NOBH3UTH LOPAJOK B3aMeHOH z’ = u.

Yrobur HaliTE o6mee permerme uunennoro OIHOPOAHOTO ypaB-
HEHHsS BTOPOro HOPAAKA ao(z)y” -+ a1(z)y’ + a:(x)y = 0, y Koro-
POro H3BECTHO OJHO YaCTHOE DEMeHHe y;, MOIKHO LOHH3ATHL MOPA-
JIOK ypaBHeHHA yKa3aHHLIM Bhlme cmocoCoM. OmHako ypo6Hee BoC-
monb3oBathes gopuynoit Ocrporpajckoro — JlnyBriais:

b ¥ ~fotxyas (1)
’ | = C ’ l
Y1 Yy ¢ Pz =) = a, (2)

r'ge y; & yo'— AOOKO [[BA PEIEHHA [AHHOLO ypaBHEHHSI.
IIpEmep. IlycTsh m3BECTHO 9YacTHO® pEIIEHHE y; == I YypaB-

HeHEA
2+ 1)y” —2zy’ 4+ 2y = 0. (1)

ITo, popmymne Ocrporpafckoro — JIAyBmIIIA NOJTYIHM

b 5

’ ’
h ¥
Tak kak (pyHKOUSA y, M3BECTHA, TO MHI NOJYYHJIH JIHHEHMOe ypaB-

HeHHme NepBOro MmOpAJKa OTHOCUTENLHO Yy, IIpome Bcero OHO pema-
erca cuepyiomum cmocoboM. Paspmenms ofe uacTu ypaBHeHHs Ha

¥}, momyumM cieBa IPOE3BONHYIO OT APOGH Yy
(y2), N hY, ¢ (< -l- 1)
Y

Yy, 2

1 v
Tak rar yl =z, TO
da:—{-C —C(z——)+02;

Yo = C(.Z‘z— 1) +CZ.‘£.
7o - - obuiee pemreune ypasuennsa (1).

—5(%’&)“ ’ ’ 2
=Ce *\F U  yy—yw,=C(*+1),

48



3. O6mero MeToja AAA OTHICKAHHA YACTHOTO PEMmEHHS JHHeii-
HOr0 ypaBHEHHSA BTOPOTo MNOpAAKA He CymecTByeT. B HeKoTOpHx
caydasx peumienue yjaerca HaidTu myrTeM dopdopa.

IIpumep. Halitm gacrHOe pemenme ypaBHEHHA

(1— 22" + 2y 4 4y = 0, (2)

sABIAKIeeca aare6pamICCKUM MHOTOWIEHOM (6CHKM TAKO® peImeHne
CyLIeCTBYeT).

Crayana HaijieM creneHb MHorouwxena. IloacraBiasas y =
= z"+... B ypaBHeHHe (2) M BBHINHCHIBAj TOJLKO WIEHH C ca-
Moii crapmeil cTeusHbI0 OYKBHI z, moayuuM: —2z2.n(n— 1) X
Xar—2+4...4 42"+ ... = 0. IlpupaBEHBag HyII0 K0ddduiEenT
upm crapmeil crememum z, mnoayuymm: —2n(n—1)+44=0;
n?—n—2=0. Orcioga n, = 2; KopeHb nz = —1 HE rofieE (cre-
IeHb MHOrOWIEHA — IeJ0e MHOJIOMKHTelbHOe umciao). Hrak, MBHOro-
9jIeH MOKeT OBITh TOJNBKO BTOPOil cTemeHnu. MmeM ero B BU® y =
=24 azx+b. IlogcraBmaa B ypaBEeHHme® (2), IOXydIHM
(4a + 4)z 4 2+ 2a + 4b = 0. CnepoBartenbno, 4a+4 =0, 24
+ 2a 4 4b = 0. Orcioga a = —1, b = 0. HUrak, MHOrOWIEeH y =
= z? — z ABIAETCA YACTHLIM PEIIeHMEM.

4, Ilpm pemenvn 3agau 738—750 Bocmoab30BaTHCA ClERYIOINHA-
MH YTBeD:KACHUAMH, BBITEKAIOIMUMHA, Hanpumep, u3 § 7 ria. V kHuU-
ru [5]

c
Hycrblf(t)lgzm mpr <<t <oo; ¢, a=const>0.

Torpma
1) ypaBmerdume u” 4 (14 f(¢))u = 0 mmeer gBa TaKAX JHHEIi-
HO He3aBHCHMBIX pEmIeHHA, 9T0 HmpH ¢ —> - oo

u, (t)=cost +0(?1a). u,(t)=sint+0 (;E);

2) ypasEenme u” — (1 — f(¢))u = 0 mMeeT fgBa TaKWX JHHE-
HO He3aBHCAMEIX pemeHHsd, 9T0 OpH ¢ —» - oo

0= (To[Z) w=rt(io(d)}

B sagauax 641—662 mccmemoBars, ABIAIOTCA IH JaH-
EHle (YyHKOEN JHHEeHHO 3aBECHMEIMEH, B KasKmoit safaue
(yEKIEE paccMaTpEBalOTCA B TOH ofixactdm, B KOTOpOi
OHE BCO OIpefielIeHEHL.

641. z+2, z — 2. 642, 6z 1+ 9, 8x+12.

643. sin z,' cos . 644. 1, z, 22

645, 4—z, 2z + 3, 6z + 8.

646. 22 + 2z, 322 —1, z+ 4.

647. 22—z + 3, 222+ z, 2z — 4.

648, €%, %, &%, 649. z, e*, ze*.

650. 1, sin’z, cos 2z. 651. shz, chz, 2+ ¢
652. In(z?), ln 3z, 7. 653. z, 0, €.

654. shz, chz, 2e*—1, 3e*+ 5.

655, 2%, 3%, 6~ 656. sin r, cos r, sin 2z.
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657. sinz, sin(z + 2), cos(z — 5],

658. Yz, V= + 1, Yz + 2.

659. arctg z, arcctg z, 1. 660. 22, z|zl.

661. z, ||, 2z + V4z2 662, z, 23, |23|.

663. a) fsasworcs am nEEElHO 3aBECEMBIME Ha OT-
peske [a, b] ¢yEKnEm, rpadurm KOTOPBIX M300paskeHsl
Ha puc. 1? 6) Tor sxe Bompoc mus pme. 2.

664. Issecrno, uro mus Qymxnmit yy, ..., y, nerep-
munant Bpounckoro- B Touke zo paBem mymio, a B Touke
Z; He paBeH HyJ0. MosKHO au uTo-EHGYAL CKasaTh o JH-
HeiiHO# 3aBHCEMOCTH (HJIH He3aBHCHMOCTH) 3THX (YHKIH
Ha oTpeske [zo, z;]?

Y. / \

N\
7

|

Pme. 4 B Puc. 2

665. Mlerepmmmant Bpomckoro pus ¢ymxmmi yg, ...
.+ Yn DPaBeH Hydw mpm Bcex . Moryr am GeTh 9TH
¢dyaxknuu awmHeiiHO 3aBEcEMBIME? JlmHE{iHO HesaBHCH-
MEIME? -

666. Uro moskHO ckasaTh 0 merepmmHaETe BpoHcKoro
¢yEKROEHE Yy, ..., Yn, €CIAH TOABKO H3BECTHO, a) 4TO OHH
JuHe#HO 3aBECAMEI? 6) 4TO OHM JHWHEHHO HE3aBHCHMEI?

667. Oysrmum y, ==z, Yy =25, ys= |25 ypmoBmerBO-
paor ypasHemmio I2y” —5zy’ + 5y =0. flsaaiorca am
OHE JHHEHHO 3aBECEMHME Ha mETepBaxe (—1, 1)? 0GB~
ACHUTbH OTBET.

668. IToxaszatb, uTo JABa pemenEA ypaBHeHmHma Yy” -+
+p(z)y’ +q(z)y =0 (c mempepriBEEIME KO3(PrIEEnTa-
MH), EMeIIEe MaKCEMYM IDPH OJHOM H TOM jKe 3HAUe-
HUI X, IMHEeHO 3aBHCIMEI.

669. Maum 4 pemenma ypasmennsa y~ +zy =0, rpa-
UKA KOTOpHIX KacaloTCA MAPYT JApyra B OfHOI TOUKe.
CKONbKO NAmeiino He3aBACEMBIX HMEETCS CpPefid 3THX pe-
mennii?
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670. ITonb3yscs maBecTHBIM yTBepKeHneM o6 mHTEp-
Bajle CYIIECTBOBAHHA peNIeHHWs JHOeHHOr0o ypaBHEOHs
([1], r1. V, komem § 1), ompepennts Ha KakoM HHTep-
Bajle CYIeCTByeT peMIeHAE [AHHOr0 ypaBHEHHA C YKa-
3aAHBIME HAYaJbHBIMA YCIOBHAME (ne pemias VpaBHe—
mnn): a) (z+1)y” —2y=0,y(0)=0, 3" (0)=2.6) y” +
+ytgz =0, y(5)=1, y’(5)=0.

1. Moryr snm rpadukm nByX pellenuii ypaBHeHHSA
yW +pi(x)y"P+ ...+ p.(z)y=0 (c DenpepHBEEMH
RoatbtbnnneHTaMn) Ha INIOCKOCTH Z, Y a) IepeceKaTscsd,
6) wracatecs Apyr apyra?

672, Ilpu xakmx n ypasmeHHme szamaum 671 wmosxer
IMeTh JacTHOe penienme Yy = I3?

673. Jlmneiimoe ONHOpOXHOe YpaBHEHWE KAKOTO IIG-
psigka na muTtepame (—1, 1) MokeT mMerb TaKme YETHI-
pe uacTERX pemenus: Yy =2z°>—2zr+2, y,=(x—2)%
ys=2tz—1, yy=1—2?

B rammoit m3 zagmaz 674—680 cocraBnTh nmmeiiHOE
oamoponuoe nmddepeRnmaNbHOe ypaBHeHHE (BO3MOKHO
Menplnero moOpsAKa), HMeINee [JaHObLIE 4YacCTHEE pe-
e,

674. 1, cos . 675. z, e=. 676, 3z, x — 2, &+ 1.

677. 22— 3z, 222+ 9, 2x+3. 678, ¢*, shz, ch .

679. z, 22, ¢~ 680. r, z°, |z°.

B samawax 681—701 maiitm o0mue peimeHES IaNITBIX
ypaBunennii, 3mag WX 9YacTHBIe permends. B Tex 3agavax,
I7le YacTHOe pelleHnme He a0, MOKHO MCKATh €ro IyTeM
moa0opa, HampuMep, B BHJe MNOKa3aTelIbHmoil ¢QyHKOAR
yi=e* mam anreGpamueckoro Mmmorowrena Yy, ="+
+ az-1 4 b2+,

681. (2z+ 1)y” +4zy — 4y =0.

682. z?(z+1)y” — 2y =0; yl-—i-l— —.
683. zy” —(2z+ 1)y +(z+1)y=0.

e

684. zy” +2y" — a2y =05y, = —.

k4
685. y” —2(1 +tg?z)y=0; y,=tgz.
686. z(z —1)y” —xzy’ +y=0.
687. (e*+1)y”" —2y —ey=0; y1 =€ — 1.
688. x’y”lnx—xy'+y=0.
689. y” —y tga:+2y 0; y.=sinx.
690. (x2—1)y +(:c—3) y—y=0.
691. zy” —(z4+ 1)y’ — 2z — 1)y =0.
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x2

692, y” + 4xy’ +(4x2+2)y=0 y, =e".

693, zy” —(2z+ 1)y’ +2y =0.

694. z(2z+1)y” +2(z+ 1)y —2y=0.

695. z(z+4)y ”—(2:z:+4)y + 2y =0.

696.x(a:2+6) —4(22+3)y’ + 6xy =0.

697. (22+1)y” —2y =0.

698. 2x(x+2)y”+(2—x)y +y=0.

699. zy” —y” —zy’+y=0; y =z yg—-e

700. xz(Zz—i)y"'+(4x—3)xy —2ry’ +2y=0;
==z, yo=1/z. ]

701, (a:"’ 2+ 3)y” — (2 + 1)y” +2zy" — 2y = 0;
Y1 ==z, Ya=-¢e"

B sapgagax 702, 703 maiitm o6mee pemeHme JuHEHHO-
ro HEeOJHOPONHOr0 YpaBHEHHS, ecllM H3BECTHO, UYTO da-
CTHOE peIIeHHe COOTBETCTBYIOWEro OJHOPOJHOTO ypaBHe-
HHAS SIBASETCA MHOTOYJIEHOM.

702, (x +1)zy" + (z + 2)y'—y=x—|——é.
703. (2z+1)y” +(2z—1)y’ — 2y =22+=z.

B sagavax 704, 705, spas nBa 9ACTHHIX pemIeHHs JH-
HEeHHOro HEOJHOPOJHOr0 YpaBHEHHS BTOPOTO IIOPANIKA,
HaiiTm ero obmee pemerme.

704. (22— 1)y" + 4oy’ + 2y =6z; y1 =<, Yg =

.1: +z 4 1

+
705. (3:?:“x +z)y” + 2y’ — bzy =4 — 1222%; Y1 =2,
yo=(z +1)2

B ypasmenmax 706—710 nummeiino#t saMeHO# HCKOMOH
q)ynxrmn Y =a(r)z yHAYTOKATH WIeH C TEePBO# mpoms-
BOTHOM.

706. 22y” —Zzy +(22+2)y =0.

707, x2 " — bz ’+(6—:c2) =0.

708. (1 + x2)y” + 4xy’ + 2y =0.

709. 2%y” + 22%" + (22— 2)y =0.

710. zy” +y’ +zy=0.

B ypasmenmax 711—715 samenoit mezaBmcmMOro mepe-
MenHoro (=@ () YHHYTOKUTH WIeH ¢ NEpPBOi IpOE3-
BOJTHOI.

. zy” —y' — 423y =0.

712, (1+28)y” +zy' +y=0.

3. 22(1—2?)y” +2(z— 2%y —2y=0.
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4, y”" —y +e*y=0. 715. 2zy” +y +zy=0.

716. 3HaH TPE 9acTHHIX pemienusa Y1 =1, yo=2, ys=
= 2? nMHEHHOro HEO[IIOPOJHOr0 yYpPaBHEHHMsA BTOPOIO IIO-
pAfKa, Hammcarh ero o0mee penieHme.

717. Uto MoHO CKasaTh 0 QYHKOAR p(x) ecin ms-
BECTHO, 4TO BCe pellenus ypasHeHma y” +p(z)y’ -+
+q(x)y=0 nmpm x> +o crpemaTca K HYJIIO BMecTe
€O CBOEMHE IE€DBHIMH IIPOM3BONHLIMHA?

VYkasamme. Bocmomn3oBaThes opmynoit JimyBunid.

718. Nloxazats, uto B ciaydae ¢(z)<<0 pemenms ypas-
perma y” +p(x)y’+q(z)y =0 me Mmoryr mMers moio-
KATENHHHX MaKCAMYMOB.

719. T'me Moryr memarts Toukm neperEba rpamxoB
pemennii ypasuernus y” + q(z) y =0?

‘)
0 Z 0 °z
a ]
Y Yy
/ ﬂ
0 A
2
Puc. 3

720. Moryr su rpaduKE [JBYX peIleHHH ypaBHeHAS
y” +¢g(x)y=0 (Pyuxmust g(r) uempepeBHA) pacmoia-
rathecsi Tak, Kax Ha puc. a? puc. 36? pme. 3B? pme. 3r?

721. Toxkasarh, YTO OTHOLIEHAE ABYX JIOOBIX JIMHEHHO
me3aBUCUMBIX  pewienuit  ypasuemma y” + p(z)y’ +
+¢(r)y=0 (c uenpepuiBubiMA KodpmmmenTaMm) 1e
MOMeT MMeTh TOUeK JOKAJIBLHOTO MaKCAMYyMa.

722. [lokasatb, uro B caydae ¢(z)>0 pas awGoro
pemerma ypaBEeEms Yy~ +q(z)y=0  orBOmeHHe
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y'(z)/y(x) yOsiBaeT mpm Bo3pacTaHMM = HA HHTEpBaJe,
rae y(z)#= 0.

723. loxasars, uaro B cayuae ¢q(z)<0 Bce pemenms
ypasrenaa y” +¢q(z)y =0 ¢ momoKATEALHBIME HAYaTb-
nsIME yeaoBasaMa Y (Zo)> 0, y'(2o)> 0 ocralorca moio-
JKATENLHEIME IIPH BCEX I = To. '

724, Jloxasats, uTo pellenme ypaBHenmsi Yy’ — 2%y =
=0 ¢ mavansEEIME yciosaama ¥ (0)=1, y'(0)=0 ects
qeTHAasA (YHKOUA, BCIOAY LOJOKATEILHAS.

725*, [loxrasats, uTo B ciydae ¢(z)<0 xpaeBas 3a-
naga

y" +q(x)y=0, y(z)=a, y(r)=>b

opu J06bIX a, b | x| 7 T3 EMeeT e[WHCTBEHHOE pelllenHe.
Jlokasare, 49TO 3TO pemmeHEe — MOHOTOHHAA (YHKIHA,
ecam b=0.

726. Haiitm paccTosiHAe MEKAY JABYMSI COCCARHMHE HY-
aaMn ai060ro (e TOMKTECTBEHHO PABHOro HYJI0) pelde-
Hasa  ypasmemEsi y” +my=0, rme m = const>0.
CronbKo myseil MOMKeT cOflepsKaThCsa Ha OTpesKe a4 <
<zr<b?

B zamavax 727—730, mcmonbays pesyabTar mpemBiuy-
meil 3amaun # TeopeMy cpaBmenms (cm. [1], ra. VI, § 2,
o. 3), OMeRATH CBePXY B CHA3Y PACCTOSANUE MEKAY ABYM:
CoCeINAMA NyJAMA N000ro (He TOKAECTBEHII0O PAaBHOTO
HyJI0) pelmeHAsa CIeAYIOMEX YypaBHEHHWH Ha 3aJlaHHOM
oTpesKe.

727. y” +2zy =0, 20 < z < 45.

728, zy” +y =0, 25 <z <100.

729, y” —2zy'+(z+ 1)y =0, 4<zr<19.

730. y” —2e*y’ + ey =0, 2<zr<B6.

731*. Iokasatp, uro mioGoe pemenne ypaBHeHAS
y” + 2y =0 ma orpeske —25 <z <25 mmeer me MeHee
15 nymneir.

732. Iycrs z), o, ...— pacloOJOKEHHEIe B MOpPSAKe
BO3PACTAHMAS IIOCIeJoBaTeNLHBe TYJNd peniennas ypaBHe-
aaa. y” +q(z)y=0, roe ¢(z)>0; mpn z <z< o
¢yrrnmsa ¢(z) HempepsiBHA m Bospacraer. JlokasaTs, 9TO
Tpp1 — Tn < ZTpn—Tn-1 (T. €. paccroAHEmEe MY COCEJHH-
Mu HyJIAME yOhIBaer).

733. B mpenmmmymeit samave oGo3maumM depe3 ¢ KO-
HeuHHI Biam GeCKOHeuHHIH mpefen Qynkmum ¢(Z) mpH

z — ., Jlokasats, 1o lim (Tni; — zn) = /¢
n->o
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734*. Ilycts y @ z — pemeHma ypaBmemmit y” +
+q(z)y=0m z” +Q(z)z2 =0 ¢ coBnajaIUEME HAYATb-
HEIMH ycloBHAME Y (To)= 2z(Zo), Y’ (x0)=12"(z0) m BA HA-
repaiie (zo, 1) mmeeM Q(z)>q(z), y(z)>0, z(z)>0.
Jlokasarh, 4T0 Ha 3TOM HHTepBaxe OTHOIIEeHHe Z(Z)/y ()
yOBIBaeT.

735*. Ilycts BRIDONHEHH YCIOBHA 3aJadud 732 M IyCTh
b,= max |y(z)| [oxasars, ato by > by>bs3>...

xn<x<xn+1

736, Ilycrs B sajmage 733 mpemen ¢ komeumwiir. [lo-
Ka3arh, 410 b, > B >0 npu n— « (B o0ozHauenmsax 3a-
maum 735).

737*. 3aMmeHOil He3aBHCEMOro mepeMeHHOTo [ = 2(p(:c)

2
OpHEBECTH ypaBHEHHE % + @ :’x»4 =0 K Bupy % +

d
+ b(?) —dyT +y =0, s3arem m306aBHETHCA OT HmEPBOii mpoUs-

BOJHOI saMenoit ¥ =a(t)u. (9ro mpeoGpasoBaHHme® HABE-
Baercsa mpeoOpasoBaEmeM JlmyBmunga. Bo muormx ciyda-
AX OHO IO03BOJsET HpHEBecTH ypasHemme y” +¢g(z)y =0
K YpaBHEHHIO aHaJOTHIHOTO BH/JA, HO C «IOYTH IIOCTO-
AHHEIMY (cla0o0 MeHAIOIIAMECA Ha HHTepBade (f), ©))
Ko3punmeATOM mpE Y. ITO obaerdaeT HcCIeZOBAHME
ACHMIOTOTAYECKOT0 IOBEJCHAs PEILIEHHS HIpH Z —> ©.)

B 3amauax 738—748 mcciemoBarh acEMIOTOTHYECKO®
moBefieHEe OpH Z —- -Hoo pemeHAil JAHHEX ypaBHEHWId,
moxb3ysacs mpeoGpasoBanmeM Jlmysmins (cM. sapady 737)
H yTBepyKAeHAAME 1. 4 (cTp. 49).

738. y” +zty =0. 739. y” — 2%y =0.
740. y” + 2%y =0. 741, y” +e¥y=0.
742, zy” —y=0. 743. y” —xy=0.

T44. zy” +2y'+y=0.

745, y” —2(z— 1)y’ +2% =0.
T46*. y” +(z*+ 1)y =0.

T47*, (22 +1)y” —y=0.
748*, z%y” +yln?x =0.

B samauax 749—750 monyunts Gojiee TOWHOE acHMITO-
TAYEeCKOe IpeJCTaBleHHe pelleHHd MAaHHBIX "ypaBHEHUII,
OpuMeHAA [{Ba pasa npeoOpasosanne JImyBmims.

T49*. y” — 4a?y =0.

750*. zy” +y=0.
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§ 13. KPAEBBIE 3ATTAYH
1. Jlnsa oTHICKAHUA pemeHHA KpaeBoil 3ajaud

w(@)y” + @@y + a(@)y = 1), n<z<z, (1)
ay’ (%o) 4 By (xo) = 0, yy’'(z1) +6y(z:) =0 (2)

HaJl0 HOACTABHETH o0miee pemieHHe ypaBHeHmmsa (1) B KpaeBmie yc-
JoBEA (2) W W3 STHX YCIOBHil OmpefeldATh (CIH DTO BO3MOKHO)
3HAYeHHAA NIPOU3BOJBLHBIX LOCTOSHHBIX, BXOAAmMUX B dopMyry 06-
1icro pemeHus. B orimdume oT 3ajaui ¢ HAYAJBHBRIMH YCJIOBHAMH
(sajjaun Hommm), xpaeBas 3afjaua He BCerja- UMeeT pelleHHe.

2. Oyuxnmeii- I'pmEa KpaeBoit samaum (1), (2) Ha3nBaeTca
¢ysrmmEa G(z, s), ompefedeHHasA OPA Ty << T << &y, 20< s < 7Ty, H
IpHE KaKEoM (HKCUDOBAHHOM s M3 MHTepBala (xo, z;) obJaparomas
cBoiicTBaMu (KaK (PYHKIUA OT z):

1) Opu z < s oHa yAOBJIETBOPsIET ypaBOEHUIO

ao(z)y” + a1(z)y’ + azx(z)y = 0; (3)

2) Opu z = ro m ¥ = x; OHA YJ/(OBJIETBOpAET 3aJ[aHOBIM Kpae-
BLIM ycaoBuAM (2);

3) mpm z = s OHa HelpephiBHA N0 z, a €e IPOU3BOAUAT IO Z
nMeeT CKadO0K, PaBHELA 1/ag(s), T. e.

’ ’ 1
G(s+0,8)=G(s—0,s), Gy lx=s+0 =Gy |x=s~0 + ‘T(s).. )

Yrobnr Halite ¢dysxmmio I'pura kpaeBoit 3amaum (1), (2), ma-
mo HaiiTu gBa pemeHms yi(z) ® yo(r) (orauussie ot y(z) = 0)
ypaBnerHus (3), yH0BIETBOPAIOMHUE COOTBETCTBEHHO IIEPBOMY H BTO-
pomy m3 rpaEmIHEIX yciaoBmit (2). Ecam y,(z) He ynoBieTsopser
cpa3y o00EM KpaeBRIM ycaoBHAM, TO QyBkuma I'puHa cymecTByeT
¥ ee MOKHO HCKAaTh B BHJE

G (z,5)= {ayl @) (7 <2<,

5,
by2 () (ssSz <)) )

QOyRRNAR a ¥ b 3aBACAT OT s U ONDEEIANTCSA U3 TPeGOBAHMS, UTO-
0ot pyHKRIEA (5) yHOBIETBOpsAA ycaoBuaMm (%), T. e.

’ ’ 1
by, () =ay, (s)y by, () = ay; (s) T,

3. Ecnm ¢yeenma I'pmaa G(z, s) cymecTByeT, TO DeImEHHO
Kpaesoit 3afaiu (1), (2) BeIpakaercsa gopmyiroii

%y
y@={C@ 9f@as.
%o
4. CoGcTBEHHEIM 3HAUYEHHEM 3a[aTH

ao(z)y"” + ai(2)y’ + a2(2)y = Ay, (6)
ay’(z0) -+ By (ze) =0, Yy’ (z1) +0y(z1) =0 (7)
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Ha3LIBAETCSA TaKOe YHCIO A, MpA KOTOPOM ypaBHeHme (6) mmeer
pewenue y(z) == 0, yaosaersopsioniee KpaeBeIM ycaoBuaM (7). Ito
peulenue y(x) HaspiBaeTca coOCTBEUnOil QyHKIEEL.

Haiitu pewenus ypasmenmit 751—762, ynoBunersopsiio-
niie YKa3aHHBIM KDPaeBEIM YCJIOBHSM.

By —y=2z; y0)=0, y(1)=-1

52, y" +y'=1; y (0)=0, y(1)=1.

753y —y'=0; yO)=-1, yU)—y()=2

54 y” +y=1; y(0)=0, y(—’.})=0.

755. y//+y= ; y(0)=0, y(n):O

756. y” ty=2zx—mn; y0)=0, y(n)=0.

757, y" —y ' —2y=0; ¥y (0)=2, y(+eo)=0.

758, y" —y=1; y(0)=0, y(r) orpammueHo npu
x— +oo

759. y” —2iy=0; y(0)=—1, y(+o)=0.

760, z%y” — 6y—0 y(0) orpasmueno, y(1)=2.

761, 2%y” — 22y’ +2y=0; y(z)=o0(z) npm -0,
y(1)=3.

762, 2%y” +5xy’+3y=0; y'(1)=3, y(z)=0(z?)
npu r — oo,

763*. Ilpu xakux a xpacpas zamauya y” +ay =1,
y(0)=0, y(1)= 0 e mMeer pemenmi?

Jlus Kaskjoit m3 kpaeBeix sajgad 164—779 mocrpoutsh
$yuxmuo I'pmua.

764. y” =f(x); y(0)=0, y(1)=0.

765. y” +y={f(z); y' (0)=0, y(n)=0.

766. y” +y' =f(z); y(0)=0, y'(1)=0.

767. y ”—y=f(a: ;¥ (0)=0, y'(2)Ty(2)=0.

768% y” +y=[(z); y(0)=y(xn), ¥ (0)=y (n).

769, w"’y”+2 y' =f(x); y(y=0, y'(3)=0.

770, zy” —y'=f(z); ¥y (1)=0, y(2)=0.

. 2%y” —2y={f(x); y(1)=0, y(2)+2y"(2)=0.

772, y”—-f(x) y(0)=0, y(z) orpammieno mpu
x — + oo,

3. y" Y =[(2);

774, xy"+y =f(z); y
z — +oo,

775. y” +4y +3y=1f(z); y(0)=0, y(z)=0(e*)
opu r —> +°°

776. 22y” +x2y' —y=f(x); y(1)=0, y(z) orpammue-
HO Tpm I — +oo.

777. z%y” +2zxy’'—2y=f(z); y(0) orpaEmueHo,
y(1)=0.

(0)=0, y(t+ew)=0.
(1)=0, y(xr) orpammueno mpu
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778. y” —y={(z), y(z) orpammueno mpm z — oo,

779. x"’ ” —2y=1f(x), y(x) orpammuero mpm -0
d Opa r — +oo

780. Ilpm KaKHX @ CYI[eCTByeT ¢yrrnua I'pmra Kpae-
Boit samaum y” +ay =f(z), y(0)=0, y(1)=0?

781*, Onemuth cBepXy u CHH3Y peINeHHe 3a/aul
2%y” + 2zy’ — 2y = f(z), y(z) orpammuero mpm =~ 0 m
Z — 40, m ero mepByI0 IPOM3BOJHYIO, €CIA M3BECTHO, ITO
o< f(a:)< m.

Vkasanme. 3anucaTs pemenne ¢ noMompio pyaxmun I'prna.

B 3amauax 782—785 malitm coGcTBeRHBIe 3HAYEHHAA .
cobcTBeHAbIe (PYyHKIAM.

782, y” =hy; y(0)=0, y()=0.
783. y”" =My; y’'(0)=0, y'(})=0.
784. y” =Ay; y(0)=0, ’(l=0

785. 2%y" =Ay; y(1)=0, y(a)=0 (a>1).

§ 14. JUHENHBIE CHUCTEMBI
C TNOCTOSIHHBIMH KO3®PHMIMUEHTAMHA

1. TlyreM WCKIIOYCHAS HOH3BECTHHIX CHCTEMY, BOOGmIe roBops,
MOJKHO CBECTH K YDaBHEHHIO 6oJee BHICOKOr0 IOpAAKA C OTHON
nenssectHOi PyErmmeit (cM. [1], ra. VI, § 1, o. 2 mam [4], ra. 3,
§ 2). I1oT cmoco6 ymoGen ais Pemenus JUIb HECHOKHEIX CHCTEM.

IIpumep. Pemurs cucreMy & = y + 1, § = 2et — z. Uckiio-
gaeM y. I3 mepBoro ypaBHmeuus mMeeM y = F— 1. MoncraBasAa BO
BTOpOEe ypaBHEHHE, moiyduaeM i = 2e! — z. PemnB 3To ypaBHEHEE
BToporo mnopaaka (meromamm § 11), maiimem =z = Cjcost-
+ Cysint 4 et. 3magnr, y =& —1 = —C;sint+4 Cocost 4 et — 1.

T
2. s pemeHHs CHCTeMH | rae £ o3HaYaeT ar
31 11 1+...-|-z1n ﬂ’
e e e e e e . (1)
T, =an*, + ...t apzp

uiM, B BEKTOpHOIl 3anmcH, £ = Az, rge r — BEKTOp, A — MaTpAna:

xl all"'al"
r = e e o y A= « o . . . '
Zy, am...ann

HAJ[0 HaliTH KOPHH XapPaKTePHCTHYECKOT0 yPAaBHEHHA

a,—A a, oes ay,

By By — A .o Gy |, (2
e e s b s e e e e e . .

anl aﬂz XX anﬂ - 7&

58



KaxpnoMy npocromMy KopHIO A XapaKTepPHACTHYECKOr0 ypaBHeO-
HHs COOTBETCTBYeT pemenue C;v eM!, e C; — npomssomsmEan mo-
CTOsIHHAA, V' — COOCTBEHHLI BEKTOp MAaTPHOH A, COOTBETCTBYIO-
muii aroMy A;.

Ecnu oas KpaTHOTO KODHA A HMeeTCsA CTONBKO JHHOHHO He3a-
BHCHMEIX COOCTBEHHBIX BEKTOPOB V!, ..., v* KakoBa er0 KPaTHOCTb,
TO €My COOTBETCTBYyeT pemicHHO C v'e* - ... 4 CirheM.

Ecnm nna kopEs A KpPaTHOCTE k& HMEeTCS TOJNBKO m JHHOHHO
HE3aBHCHMEIX COOCTBEHHBIX BEKTOPOB #H m < k, TO pemeHH®, COOT-

BeTCTBYIOI|E® STOMY A, MOM{HO ACKaTh B BH/® NPOM3BOAEGHHSA MHO-
roujeHa CTemeHH k — m Ha eM, T. e. B BHfR !)

g, =(a+bt+ ...+ dtF™) M,
P 3)
2= (Pt at+ ... +sth=m) M,
YroObl RaiiTn KodPdunuesaTsr a, b, ..., s, HAAO HOACTABUTL peMIO-
Bue (3) B cacremy (1). IlpmpaBHaB K03¢pPHIEEHTHI TOMOOHBIX TJiIe-
HOB B JIeBOil M NIPaBOii 9acTAX yYPaBHOHHH, HOJYyYUM CHCTEMY JH-
HeilHBIX ajare6paMuecKEX ypaBHEHHII OTHOCHTENBHO 4, b, ..., s. Ha-
Jio BaiiTH o6mee pemenue a10ii cucreMbl. HoadpdunuenTs a, b, ...

.., S JIOIUKHH 3aBACETH OT &k IPOU3BOJNBHEIX IOCTOAHHHIX, Tle k —
KpaTHOCTH KODHS A.

Haiija pas xaskgoro A pemeHAs YKa3aHHOTO BHJA H CJION(AB
HX, NOJy4YuM o0mee peureHde cacTeMsl (1).
IIpumep. Pewnrs cucremy

d=2zr+4y+tz y=-2z—z i=2z+y-+ 2z (4)

CocrapiseM W pemaeM XapaKTePACTAYECKO® YDABHEHHe
2— 1 1
—2 —A —1|=0, (5)
2 12—
AM—4A2 450 —2=0, Ay =2, Ag=A3=1.

Jlass mpocToro KopHsi Ay = 2 HaxoauM CcoOCTBeHHBIH BexkTOp (O,
B, 7), pemas cucremy

ﬁ+?=0s
—200—2p—9y=0, (6)
20+8=0

(xoappunmenTHl DTOI CHCTOMH DaBHH 2jIeMEHTaM JIETOPMUHAHTA
(5) mpr A = 2), U3 (6) maxomum 2 = —P = Y. 3HAYAT, BOKTOD
(1, —2, 2) — coGcTBEOHHHII, A

z=¢2, y=—2e z=2e% (7)

— 9acTHOe pemeHme CHCTEeMEI (4).

') B cayaae k << 3 yncno k — m HeNb3d yMEHBIIUTH, 8 B CIy-
4ae k > 4 mHOrfla MOJKHO, €CIE H3BECTHA 3KOpAaHoBa opMa MaT-
puns A.
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Jna rparEOro KOpHA A == { cHavala onpefennmM 9HWCIO NH-
Hel{HO He3aBHCHMEIX COOCTBEHHEIX BeKTOpoB. Ilpm A =1 u3 (5)

nojy4aeM MaTPHIY
1 1 1
-2 —-1 —1).
2 1 1

Ee nopsapok n = 3, paar r = 2. Unmcio AmHE/HO HE3aBECAMEIX
COOCTBOHHEIX BEKTOPOB paBHO m = n —r = 1. Koperb A = {1 nMe-
er KparEocth k = 2. Tak kak k> m, TO pemeHme HAJ0 HCKATh
B BUjle IPON3BEJIeHHsI MHOTOIEHA CTeNeHH k — m = 1 Ha eM, T, e.
B BUJI®

z=(a+Dbt)e!, y= (c+tadi)e!, i=(f+gt)e" (®)

Uro6s1 HajiTE kKo3pdunEeHTHI a, b, ..., moacrasisieM (8) B cucre-
My (4) m upmpaBumBaeM K03pPHOEEHTH NPU HOAOOHHIX WIEHAX.
ITonygaem cmcremy

b+d+g=0, b= a+0+f,
—20—d—g=0, d=—2a—c—f, 9
2b+d+¢g=0, g= 2a+tc+/

Haiinem obmee pemenme 3T0il cmcTeMbl. /I3 ABYX JEBHIX ypaB-
BeHmii mmeeM b = 0, g = —d. IlofcTaBAAA 9TO B OCTAJbHEIE ypaB-
HEHUs, NOJyIaeM

O=a+tc+f, d=—2a—c—f (10)

(ocranbEBIe ypaBHEHHA OYAYT CIeACTBAAME HaNHCAHHEIX). Pemaem
cucremy (10), BampiMep, OTHOCHTENALHO a H f:

a=—d, f=d—ec.

TaxkmM o6pa3oM, BC® HeHM3BECTHHIC BEIpaKeHEl uepe3 ¢ ® d. Iloio-
wuB ¢ =C), d =C,, mMeeM a = —C,y, b=0, f=C,—C,, g =
= —C,. Ob6mee pemenme cacreMsl (9) HaiifeHo.

IlopcTasmB Hali{eHHHIE 3HAa49eHAA a, b, ... B (8) m npmnbGasms
gacTHO® pemeHne (7), ymMHO;keHHoe Ha (s, mOXyY#M ofmee peme-
HUe CHCTeMH (4):

x = —Cze' + Cie?, y = (C. + Cgt)e' -—_ 2C3e“,
z = (C;— C, — Cyt) et 4 2C3e?t.
3. QIpyroit cnoco6 pemeuusi cacremur (1). asa moboit MaTpm-
nBI cymecTByeT Gasmc, B KOTOPOM MaTpHOA EMeeT JKOpHaHOBY ¢op-
my. Kampoit kietke nopsaaka p = 1 KopHaHoBOit GopMBI COOTBET-

crByer cepus hy, hs, ..., hp BEKTOPOB 0a3uca, yROBIETBOPAIIIAX
ypaBHEHRAM

Ahy = Ay, hy %0,
Ahg = Ahy + hy,
Ahy = Mis + hy, (11)

Ahy = Ahp + hp_1.
BekTop h; Ha3HBAeTCA COOCTBEHHEIM, a hy; ha, ... hp — DpECoOeaH-
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segauME. Haxpoir cepmm hy, hy, ..., hp COOTBETCTBYOT p JWHEHHO

He3aBHCHMEIX pemeBui z!, z?% .., zP cucreMn & = Az (BepxHHi
HH/IEKC YKa3blBaeT HOMep DeIeHHd):
2l = e”hl,

t
z° = Mt (T h,+ h’),

s_ af 8 t (12)
" =e (Tl' h, +—1Tgh2 + ha)’

p_ M s A tp—2 t
z e ((p—i)l 1—|-(p_2)!h2+...-|-“ hy_y+hyle
O0mee 9UCIO BCOX TAKUX pelNeNuii PaBHO CyMMe LOPAAKOB BCEX
KIOTOK KODAaHOBOHd (hOpMEI, T. e, mOpAAKY martpunsl, OHE cocTas-
as0T GyHAAMEHTANBHYI0 CHCTEMY DeIIeHMi CHCTeMH % = Az.

IlpaBuao gasa 3anoMuHaBEEA dpopmya (12). Cob-
CTBGHHOMY BEKTODY A, COOTBETCTBYyeT pemeHme z' = e*h,. Ecam
Be3fe oTGpocATh e, TO KaxK[asd CTPOKA mpaBod vacra (12) momy-
YHUTCS WATErPEPOBAaHAEM IO ! HPOAHAyme:d CTPOKA, IPHIOM IOCTO-
AHHYI0 MHTErpUpPOBAaHHA HAf0 B3ATH DAaBHOH CleAyWINeMy OO IO-
PAAKY BEKTOPY CepuHM.

4, B ciyuae, Korga HMeIOTCSA KOMIICKCHEI® KODHE A, M3II0KEeH-
HEIe COOCOOBI [ai0T BRIDAJKEHHe PpEMEHHS 49epe3 KOMIJIeKCHEIO
¢yaxuun. Ecau npu aroM KodddmumenTH cmcTeMH (1) BemecT-
BEHHEI, TO MOKHO BHIDAa3UTh DEINIEHHE TOJBKO Yepe3 BeI[eCTBEH-
Hble (yEKQEU. JIaA 3TOr0 HafO BOCHOJIH30BATHCA TOM, ITO BOINECT-
BEHHAA M MHHEMAs 9YaCTM KOMIUIOKCHOIO DEmeHHS, COOTBOTCTBYIO-
mero KOpHEI A = a4 Pi (B = 0), ABIAOTCA AWHEHHO HE3ABHCH-
MBIMH DEIIeHUAMH.

Ilpumep. Pemurr cacremy &= 4r—y, y= 5z 2y.

CocTaBaseM H pemmaeM XapaKT@PHCTHIOCKOe ypaBHEHHO

4 — -

HOasa wopEA A = 3 - 2i HaxofuM COOCTBOHHHII BEKTOp (e, b):

1—20)a—b=0, .
S5a—(14+2i)b=0,
Mo:rao B3aT1h ¢ = 1, b = 1 — 2i. lIMeeM 9acTHO® peImeHHE
T = eBH2)t  y = (1 — 2i)ed+2)1,

Tak Kak [aguasg CHCTEMa C BEM[eCTBOHHEIMA Koa(pdEmmeHTa-
MM, TO pemeiune, COOTBETCIBYIOIE® KODHIO A == 3 — 2i, MOKHO He
BCKaTh, OO Oy[eT KOMIUICKCHO COIPSKEHHBIM C HaiiJIeHHBIM pe-
wenneM. YToOBl IOJYyYUTH [JBa BEIIECTBEHHBIX peEIIeHHA, HAJ0

B3sITh BEIIECTBEHHYIO U .MH]dMyIO YacTH HaﬁHGHHOFO KOMIIJIEKCHOTO
pemennsa. Tak Kak e(®+2)¢ = ¢% (cos 2¢ -}- i sin 2¢), To

z, =Re (3 +20)L = e cos 2,

y, = Re (1 — 2i) B3+20 = 3 (cog 2t - 2 8in 21),
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z, = Im (3+3D} = o3 8in 22,
¥, =Im (1 — 2i) 812! = ¢3 (sin 2t — 2 cos 21),
O6mee pemeHdme BHIPAyKAeTCA 9€pe3 [Ba HANJEHHHIX JAHEHHO He-
3aBHCAMEIX DEIIOHHA:
T = C[-‘E] + 02.722 = 0183‘ cos 2t + Cze“ sin 2t,
y= Clyl + ngg = Clea‘ (COS 2t + 2sin 2t) +
+ Cae® (sin 2t —2 cos 2t).
5. YToGK pemnuTh CACTOMY
aloz(") + anz("_l) + ... taz+ bloy(n) T bny("_l) + ...
ces + bmy =0,
a8 ™ 4 a, 2"V L gz b,y b, YD L
oo + bzny = 0)

He NpABEJEHHYI0O K HOPMaJbHOMY BHAY, HaJ0 COCTAaBHTH XapaKTe-
pECTHYEeCKOe YPAaBHEHHO

e A e A ey, b AT B AT L by,
By A"+ a, A" L Fay, by A b, AT L by,

u Haiitm ero Kopum. Ilocie aTOro pemeHHe OTHICKEBAETCI TEM K
cmoco6oM, Kak B IT. 2,

ApaJlornuEo pemaloTCsa CHCTEMH Tpex u Gojiee ypaBHEHHIA.

6. YacTHO® pemeHHe JWREHHOH HEOXHOPONHON CHCTEMEI C IIO-
CTOSTHHRIME KO3 dAIUEHTAMYT

I =anr+ ...+ amza+fi(t), i=1,..,n, (13)

MOJKHO HCKATL METOIOM HEOIpefeJeHHEIX KO02(PQHUIEEHTOB B TOM
cayuyae, Korga ¢yoxuum f; (f) COCTOAT U3 CYMM U IIPOM3BEEHHUII
yukuuit b+ byt + ...+ bnt™, e*t, cosft, sinpt. 910 pmemaercs
OO TeM jKe IIpaBUJIaM, 9TO JJIsI OJHOrO JIMHEHHOro YpaBHEHHUs C
HOCTOSIHHBIME KOdpdmuuentamu, cM. 1. 2 § 11, co caenyomam us-
menenueM. Ecan  f; () = Pmi(t) e¥t, e Pmi (t) — MHOrowiex

eTeleHy m;, TO MaCTHOEe penieHHe cucreMsl (13) mmercs He B BU-
ne t°Qm(t)e’, a B une

z=Qh (e, i=1,..,n (14)

rae Qg +s () — MOOTOWIEHBl CTEeHA m -+ s C HEH3BECTHRIMH
KoadummenTamMu, m = max m;, s = 0, eciu Y— He KODEHb Xa-
PaKTEpPHCTHIECKOr0 ypaBHeHHMs (2), a eciu Y — KOPEeHb, TO § MOMK-
HO B3sITh PAaBHBIM KDATHOCTH HTOr0 KOpHs (MM, TOYHEe, s HaA
1 Goxpme Hauboibmeii U3 CTeNeHeid MHOIOYWJIEHOB, la KOTODHIE yM-
HOKaeTcs! el B o0m[eM pemeHHU OHHOPOAHOII cucTembl). Heussect-
Hble K09 ANenTH MHOrOYJIEHOB ONPeeNsAI0TCs IyTeM NO0JCTaHOB-
KH BEIpaskeHuii (14) B gaHHylo cucremy (13) u cpaBHeHHs KOa(@-
(pUOAEHTOB NONO0HKIX YJIEHOB.
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AHalOrmYEO OIpENeIIAIOTCS CTENEeHn MHOTOYIEHOB H B CAYyYae,
rorna fi(t) comepsxat e*! cos Bt m e*t sin ¢, a wmcao Y = a -} Pi a¥
JIs1€TCA KOpHEM XapaKTepPHCTUYeCKOro ypaBHEHHA.

IIpumep. Pemurs cucremy

v ;t=4z—y+e3’(t+sint),
_;/=x-|—2y+te3tcos L.

CrHavyana JJId OJHOPOMIIOHl CUCTeMBI & = 4z — y, j = z -+ 2y Ha-
XOJ[MM KOpHH A; = Ay = 3 n, Kak B I. 2, OTHICKABaeM o0mee pe-
menne

(15)

Zo = (Clt + CZ) e3t, Yo = (Clt + Cz — Cl)e“.

B cucreme (15) musn pynrumii te’, e sin ¢, ted cost unmcna o -+ i
COOTBETCTBEeHHO paBH®Bl 3, 3+ i, 3 +i. IlosroMy HamO OTHEIHHO
HATA YaCTHBIE PEUICHHT CHCTEM

& =4z —y + te¥, j=2z+2y, (16)
#=/dz—y-+elsint, y==z+2y+ te¥ cost. (17)
Ansa cucremnr (16) o+ Bi = 3 = A = Ay, s = 2, m = 1. Corxnac-

"o (14), yacTHoe peinienne MOHIO HCKATh B BHjIE
2y = (aB+ bi2-;ct + d)ed, y, = (f3+ g2+ ht +j)edt.
Oan cmcrempr (17) o4 Bi =34 i A1y, s =0, m = 1. Yacr-
HOE pemeH#e UMeeT BUJ
zo = (kt+1)e3t sint 4 (mt -+ n)edt cos ¢,
yo = (pt + q)edt sint + (rt + s)e3t cos L.

OTtsickaB snaienust ko3dunuenrtos a, b, ..., o6lmee pelmeHEme CHC-
TeMsl (15) pmamumem B Buje

=2+ + 7%, Y=Y+ yi+ys
7. Penienmne HEO;IHOPOJIHON CHCTEMBI )
gr=an@)e+...F+ain(B)2a+ fi(t), t=1,..,n,

MOKHO HA#@TH METOOM BapMamUM NMOCTOSHHBIX, €CJIH WM3BECTHO 06-
miee pemieHue OJHOPOAHOII CHCTEMHI C TeMH 3Ke KoappmmenTaMm
aix(t). Jlas sToro B hopmyne oOmero pemeHNs OXHOPOAHONH CH-
CTeMBbl HAJI0 3aMEHNTH NPOM3BOJLHBIE NMOCTOSHHEIE C; Ha HEM3BECT-
Hble QyrKinn C; (t). IlonyueHEble BHIpaKeHUs IIA z; HAJI0 NOACTa-
BUTH B JaHAYI0 HEOJHODPOAHYI0 CHCTEMY, W B3 ITOI CHCTEMBI Haii-
™™ C;(t).

8. Tlokazarenpnoii gyuknueii e4 Marpansl A HA3LIBAGTCH CYM-
Ma pana

£
3r

AZ

S5+

eA=E+—fl—+ +..., (18)

rge E — enuauynaa Matpama. Pap cxopmTes g ao6oit Mart-
prnsr A. '

CpoiicTpa e”:

a) ecim A = CMC-!, 10 e4A = CeM(C-;

6) ecim AB = BA, 10 ¢41B = ¢4 . ¢B = ¢B . e4;
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X

B) Marpuma X (¢)= e'4 ymOBICTBODSICT ypaBHnCHHIO tfi—t=
= AX; X (0) =

MeTo/sI OTHICKAHHA e4:

1) Ilyrem pemeHys CHCTEME! nagdepernEaNIBELIX ypaBHERHUIL.
B cuny cBoiictBa B) i-ii CTOJ16911 MaTpunHl e‘4 ecTh pemeHme Cu-
cTeMbl ypaBHEHWIl (B BEKTODHOII 3ammcn) = Az ¢ HaTaJLHRIME
yeaopmame z;(0) = 1, zx(0) = 0 mpm k %= i (z; — i-1 KoopAuma-
Ta BEKTOpa z).

2) TlyreM mpHWBefeHH;A MATPHOE K KopHaHoBo# ¢opme. ITycts
msBecTHA Takax Mmarpaua C, uro C—'AC = M wnmeer KOpAaHOBY
dopmy, T. e. cocronT m3 kierok K;. Hampmas mophamoBa KieTka
umeetr Bux K = AE 4 F, y matpunst F Bce 2JeMEHTH HYJIH, KpoMe
1-ro Kocoro psga Haf AHArOHAJEIO. ITooTromMy F™ = 0, rme m — mo-
PAIOK Ma'rpunu F, m eF nerxo maiiTm ¢ momompio papma (18). Tax
Kak eme e — e’-E TO

eK = eME+F — oAE , oF — oAF . oF — gheP,

K .
CocraBmB M3 KIETOK € ° MaTpany e, HaliieM e4 ¢ TOMOMBIO
cBoiicTBa a). JIoka3aTennCTBO W mpmMep cM. B [5], ri. 1, §§ 12—14.

B sagavax 786—812 pemunTsr namHBIe cHCTEME ypaB-

- 7.0 dz
genmit (T osHavaer 7 BT O A o0merdenns paGoTHl

B HEKOTOPHIX 8afavaX YKa3aHH KODHA XapaKTePHCTHYe-
CKOT0 YpaBHEHHSA).

786, lf‘=2"+y’ 787. [""—“—y’
y =3z + 4y. y=y—az.
788, {“’”“‘ 8y =0, 7g9, {”—x“”
y—z—y=20 y = 3y — 2z,
790, [?’—“"3’/' 791, [f”'”sy:o'
y=3z+y y—z—y=0,
792, {’—z”y’ 793, [f”=3"‘y'
y=4y—=x y=4r—y.
794, {x—2y—3x, 795. {x—-Sx—3y—0
y—y—2w y+3x+y—0
x-—x+z—y, x—x—— y—-z,
796. ,z}=:z:+y—z, 797. y_y—-x+z,
z=2r—y 2=z—z2

(7\41‘-—‘—'1, K2=2, A3 ='—1). 7\.[=O, 7\«2=2, K3=-‘1).
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:}:=2x—y+z, :7:=3x—y+z,
798. {y=z+29—z 799. {y=z+y+72,
é=x—y+22 z=4zr —y+ 4z

(?\.1=1, A2=2, ?»3=3) (7\,1=1, K2=2, l3=5)>.

Ec=4y*—27.—3x, T=z—y—z,
800. 1y =z + =, 801 {y—z+y,
2=6x—6y+5z z=3c+z

AM=1, Ae=2, A3=—1). (M=1, Ao3=1=£2i).

z=2z+y, T=2x+2—y,
802. {y=z+3y—z, 803. {y =2+ 2s,
2=:2y—i:3z—:c z=y—2zr—2z
(M =2, Ag3=3=%1i), (M =1, A2,3=ii).
a'v=4x—y—z, T =2T—y—z,
804. {y =z + 2y —z, 805, |y =3z — 2y — 3z,
‘é=x—y+2z £=2z—z+y

M=2, Ae=2A3=3). M=0, ho=2A3=1).

ic=y—2:c—22, 5:=3x—2y—z,
806, {y =z —2y + 2z, 807. {y = 3z — 4y — 3z,
é=3x—3y+5z é=2x—4y

(M=2%=2%=3). (M=0,A=0A=1).

,:c=x—y+z, :.L'=y—22—-x,
808. \y—z+y—z 809.{y=4bz+y,

é=2z—y },=2x+y—z
(M=A=1,A3=2). M=1, Ag=A3=—1).

5 A ®©, Ouannoos



.:1:=2x+y’ .;:=2x—y—z,

810. 1y = 2y + 4z, 811, 1y =22 —y — 2z,
z2—=2—12 2=22—x+y’

(M1 =2y =0, A3=3). (M=% =23 =1).
i=4x—y,

B12. \y =3z +y—2z, (=Ry=Ag=2).
2=x-l—z

‘B zamauax 813—825 pemmts cmcremer, me mpEBefeH-
HEle K HOPMAJLHOMY BHJY.

813, {1—213 3y, 814 {x_3x+4y,
y=zx—2y. Yy=—x—y.
;:=3a:—y—z,
815. {”‘—Zy' 816, {1y = —z + 3y —1z,
y=—2= }:=—x—y+3z.
817.[23'5—5.1'/=4y—x, 818, {x+ x+y—2y_0
3z — 4y =2z — x—y+x==0

x—2y+ y+x—3y——0
4y—2x—x—2x+5y—0

x—:c+2y 2y = 0821 {x—21./+2:c=0,

x—x+y+y_0 ‘ 3:2+._1}—8y=0.
3y—z=0 T+ 52+2y+y=0,

z+ 3y 023, [x+ y+y

819. {
822. [ . .
3z+ 5z 4+ y+3y=0.

x+3y—2y—0

x+4x—2x—2y y=0,
z— x—y+2y+2y 0.
22 +2z4+2z+3y+y+y=0,

z+4z—z+43y+2W—y=0.
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B samavax 826—845 pemmTs nmEeliHEIe hHeOAHODOR-

Hble CACTEMBEI.

= 2et,

826. (x Yo

=z 4+t
{ = 3z + 2y + 4ett,

y==zx+ 2y.

z =4z + y— e?t,
0 [ y

z=>5z—3 +2e3'

832, { Y
y—x+y+oe-‘
=z + 2y,

834. [ Y
y=2x—5sint,

836. {x——Zx—y,

y — 2z 4 18t.
= 4 8,

838.{ 2 4y —

y =3z + 6y.
z=z—y+ 2sint,

840. { +
y=2z—y-

842, —4z—3y+smt
y 2r—y—2cost.
T=x— 8t,

4. [ vt
Yy =05 —y.

z =y — 5cost,

827.
y=2z+y.
'x——z:c—éy+4e"2'.
y=2z—2

831 {x-Zy—x-{-i
y = 3y — 2z,

833, ‘x'zx““t
y=—2z + 2L

= 2z — 4y,

835. { Y
y =z — 3y + 3et.

837. [f=x+2y+16t8t’
y = 2x— 2y.

= 2z.— 3y,

839. r o
y=z—2y+ 2sint.
a:—2z— ,

841. { y

—$+2e‘c

= 2% + Y + 2¢t,
843. [ y

_:z+2y 3ett,

=21 — ,

845. [ v
y—2y—x—5e‘sint.

B samauzax 846—850 pgamHEme cmCTeMH pemATH MeTO-

AOM Bapmanuéd INOCTOAHHEIX.

—y + tg?t —1,
846, [z v+ tg

y=—z 4 tgt.
5%

: :;:—2y—1:,
847. St
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. 2
r=—4bx—2y4+ —0, S 1
1848. 1. "1 g, {x_x—y+°~°s_"
y=6$+3y—et_1- g}=2x—y.
z =3z — 2y,
850. 1. y -
y=2x—y+15e’1/t.

Pemmts cmcremer 851—866, sanmcanusie B BexTopHOI
dopme: &= Az, rAe z — BeKTOp, A — NaHHAA MaTpHIA.

851, 7 — Az, A=(3 0). 852. »— Az, A=(; ‘).

0 3 0
. 1 =2 iy 3 =2
83. ¢ — 4z, A=(3 T3). 854 o=z, 43 ~2)

—1

) 2 —1 —1
855. = = Az, A=(1 0 —1).
3 —2
1 =2 2
1 4 — )
1 5 —3

856. = Az, A=

. —2 2
857. = = Ar, A=( —1 2).

-3 —2 3

. —3 22
858. z = Az, A=(— —1 1)-

—_ 20

] —3 1
859. z = Az, A=( —2 2).

—_ 2 0

. —1
860. » = Az, A=(— 1).

0

0
861, z = Ax, A=(1
2
862. z — Az, A=(

CORPOR P LA LMPOR

863. r — Az, A —

NMOR NP NRAR RO O ™R WWMAWLwWWN -

864, z = Az, A=(

Il
[JURNE
.
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i 42 —2
865.5!3:‘.433, A=(1 3 —1).

3 3 —1
) 2 0 —1
866.x=Ax,A=(1 —1 0).
3 —1 —1

B samagax 867—873 maiitn moxasatesnpuyn QYHKOTIO
e* maHHOit MaTpunbl A.

867. A— (o _o) 868 4—(_j o)

). 870, 4=(3 )

9 010

| T3 e A=(0 0 0).
0 0 2

(
a=("
873. (0 : 2).

B zapmaugax 874 u 875 maittm dete”?, He BLIUMCIAA MAT-
puny e“.

) 1 0 3 1 4 2
874.A=(—1 2 0). 875. A=(3 1 ~1).
01 —1 2 1 —3

869. A =

871.

876. Teno Maccel m pBu;KeTCA Ha INIOCKOCTH I, U,
npuraruBasck K Touke (0,0) ¢ cumoit a’mr, tme r — pac-
cTosAHMe [0 9Toi Toukm. Haiitu psu- L
JKOHUE TejJa OpU HAYAJBHBIX YCIO-

puax z(0)=d, y(0)=0, #(0)=0, TN

y(0)=v =m TpaeKTOpPHMIO BTOro MHBM-

JKEHHA. H
877. OpuH woHeN[ TPYIKHHBI 3a- c

KpemjieH HemoABKHO B Touke O, []

a K [IpyroMy IpUKpenJeH rpys mac- k

Cbl 3m, COeNMHEHHBIN APYroil 1py-

JKAHOI ¢ rpysom Maccsl 2m. Ofa

rpysa gsuraiorca Ge3 TpeLust 1o 0/- o~ o

HOH mLpAMOil, mnpoXofsIieil ucpes E=Vsinwt

roaky 0. Hakgas u3 mpymuH pa- Puc. 4

CTATUBAETCA HA BEJIMYMHY I II0[
meiicTBueM cmibl a’mz. Hajitu Bo3MOMKHBIE IepHOAUIECKHe
IBUIKEHNS CHCTEMBI.

878. Ha woHumax Baja 3aKkpemieHsl JBa IIKUBA, MO-
MeHTH mHepnum KoTophix I, m Ip. Ilpm moBopore ogHoro
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IMKEBA OTHOCHTOABHO APYroro Ha xi0Goi yrom ¢ BCaef-
cTBEe AeopManad BaJa BO3HUKAIOT YOPYTHEe CHIH C KpY-
TamuM MoMeHTOM K¢. Halitm gacToTy KPYTHIBHEIX KOJe-
0aHZi Bajla OpU OTCYTCTBUH BHEINIHHX CHIL.

879. K mcrouEmKy Toka ¢ HampsxeHmeM E =V sin ot
II0CJIe/[0BAaTeIbHO IPUCOeAWHEHO compormBierHme R. [laxee
Ienb pasBeTBJAETCA HA f{Be BeTBH, B OAHOH H3 KOTODPHIX
BKIIOUYeHA caMoMHAYKOEA L, a B ppyroir — emrocts C
(puc. 4). Haiitm cumny Toxka B mem# (yCTaHOBHBINHiiCA
pe:xuM), mpoxopsamero depes comporuBienme R. Ilpm Ka-
KOH vacToTe ® cmia ToKa Hamboasmasa? HamMmempmas?

Yxasarme. O cocraBiesnn guddepeEqAILEEIX yPaBHEHAN
B 3a/jagax 00 3JIEKTPHIECKHX memax cM. m. 5 § 11.

880*. Kakxoe ycioBme MOCTaTOYHO HAJNOKUTHL HA COO-
CTBeHHBIe 3HaUeHHMsa Marpmosl A, 9To0BI cucreMa ypaBHe-
Hmii (B BexTopHOH# 3ammcum) &= Az + f(t) mMema mepuo-
Judeckoe pelleHA® NPH BCAKOA HEOPEPBHIBHOI BEKTOP-
¢yaxmuz f(t) nepmopma @?

YxkaszaHue. HpHMeHEB METOX BapHanud NOCTOAHHEIX B BEK-
TOpHOH ¢popMe, BHIpa3mTh oOImiee pemeHEme depe3 (YHFAMCHTAIb-

HYI0O MaTpEny e‘4, pyHKOmIO f(f) W HagaabHbIe yCIOBHA. Bocmoab-
30BaThCA YCJIOBEEM HEPHOJHUYHOCTH.

§ 15. YCTONYABOCTD

1. PaccMoTpEM cHCTEMY ypaBHOHHH

dzi
-E=fi(t’ Il, esey zn), i=1,..,mn, (1)
HIH, B BEKTODHOH 3amACK
dz
d—t=f(t, z), x:(.‘tl, cery In)' (2
of;

[TycTs Bee f; u 0—% HeNpepHIBHEI OpH f << ¢ < 0o,

Pemenme x = (p(f) cmcTeMsl (2) Ha3KBaeTCA YCTOWYHBEIM IIO
JanynoBy, ecau mua aioboro & > 0 cymecreyer Takoe § > 0, uTto
IJI BCAKOrO pemeHHs z(t) TOH e CHCTeMH, HaJaJbHO® 3HAYEHHO
KOTOPOr0 yHAOBJIETBODsAET HOPABEHCTBY

[2(t) —@(t) | <8, (3)
npr rcex (fp <<t < ©0) BBHINOJHACTCA HEPaBEHCTBO

[z(t) —o(t)| <e.

Ecnm ke pnsa Hegotoporo € > 0 Takoro § He cymecrByeT, TO
pemenre ¢(t) Ha3nBaeTCA EEYCTOAIABEIM.
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Pemenne @(t) HA3bIBaeTCA ACHMIOTOTHIECKH YCTOWYHBEIM, €C-
JA OHO ycroWumBo mo JIADYHOBY H, KPOMe TOro, BCO DEIIeHHS C
JOCTATOYHO ONW3KMME HAYAJLHEIMA YCJIOBHAME HEOTDAHMIEHHO
uprOamKaoTcA K ¢(t) npm ¢t — -+ oo, T. . eClid ©3 HOPaBEHCTBA (3)
caenyer z(t) — @(t) >0 (¢ — + o).

p Hanmume miIm OTCYTCTBH® YCTOWYMBOCTE HO 3aBHCHT OT BHI-
opa ?.

Bompoc 06 ycToiymBoCcTH HaEHOrO pemeHHs z = @(t) cmcTe-
ME (2) cBOmATCA K BOIpOCY 00 YCTOWYHBOCTH HYJIEBOr0 DEIIEHHAST
y(t) =0 nmpyroit cmcTemhl, moxyJaeMoid m3 (2) 3aMeHO# HCKOMOiX
PyermEn z — @(t) = y. ' )

2. HccnefoBaHNe HA YCTOXYABOCTHL mO HmMODPBO-
My npubammennwo. Iyers z;(t) =0 (i=1, ..., n) —pe-
menne cucteMul (1). UToGH ero mccienoBaTh HAa YCTONYBBOCTH, Ha-
OO0 BHIEAATs M3 (YHKOWA f; AWHEHHYI dYacTh BONA3E TOIREH

z1 =...= rn = 0, Hampamep, no dopmyne Teitmopa. IMomxyqen-
HYI0 CHECTOMY 9acTO MOKHO HCCIEJ0BaTh C IIOMOIIHI0 CleAymomei
TEOPOMEL.

Teopema JIanyroBa. PaccmoTpum cucremy

dz;
'Ft'=allzl+ cee +ain$n+ \pl(l’ Zl, ooy Iﬂ)’ = 1, essy NNy (4)

2de a;p — nocrosnnsie, a P; — 6ECKOHEUHO Masble GbIULE NEPEO2O
nopadxa, rounee, npu |z| < €

¥l <1(2)]z], t=1,..,n ¥(z)>0npu|z|>0, (5)

2de |z| =7V|xz|2+... + |za|% ]

Tozda ecau eéce cobereennsie snavenus marpuyvt (air), i, k =
=1, ..., n, uneoT OTPUYATELbHbIE GeUjeCTEEHHbLE YACTU, TO HYse-
60e pewenue cucremwvr (4) acumnroTuuecku ycroliuueo; ecau e
ZOTb 00KO CO6CTEEHHOE 3HAUENUEe UMEET NOAOWUTEALHYIO 6elyecT-
GEHHYI0 4acTb, TO NYyaeeoe pelierue HeYcTouuuUgo.

IIpeMep. HccuaemoBaTh Ha YCTOAYABOCTH HYJEBOe DEMEHNO
CHCTeMEI .

{é: Vit by — 2851,
y = sin az + In (1 —4y), a=const.

Brifensan mmuelinylo gacth ymkmmit mo ¢opmyge Teitnopa,
mosygaeM

z=—22—y+ b (20,
y = az — 4y + 9, (z, v),

rae GyExmoEr $; 7 P, pasasl O(z2? -+ y?) m, 3HAYMT, YAOBIETBODS-
T _ycaosmio (5). HaxonuMm COGCTBEHHEHE BHAYEHHA MATPUIEL KO-
adppannenTon

—2—3 —1
e —4_p|=0 A+6r+8+a=0,

Me=—3+Y1—a.
"



IIpm ¢ > 1 KopHE KOMIIEKcHHe, RelA;, = —3<0, a npm
—8 <'a < 1 KOpHN BeIECTBEHHEI® OTPANATENbHbIE, 3HATAT, B BTAX
cnyqaax HYJIeBOE pemeHue aCAMIOTOTHYECKH yCTOMYHBO.

Ilpm a < —8 opuH KOpPEHb HOJOKHUTENEH, 3HAYAT, HYJEBOE pe-
IMeHNe HOeYCTOITImBO.

Ilpn a = —8 mmeem Ay = 0, A, = —6 = Bompoc o6 ycroiium-
BOCTH He DPemiaeTcs ¢ MOMOIIBI0 H3T0KEeHHOH TEOPEeMEL

3. NccnenoBanme HA YCTOHYMRBOCTH C IOMOMB 0
d)ynrcu;nn Jaoynosa. IIpon3Boanoil or PyEKOUE v (¢, z), ...

. &n) B cuiy cuctemsl (1) maswiBaeTcs GyHKIEA

dv dv v v
il =72 +a—;]f1+ vt fw

(1)

rue fi, ..., fa — npaBkie yacTu cucreMsl (1).

Teopema JianynoBa. Ecau cywyecreyer dugdepenyu-
pyemasn Pyncyus v(xy, ..., Tn), Yydoeaereoparwyas e o6aacTu
|z] < & ycaosusn

1) v >0 npu x5~ 0, v(0) =0,

dv
2) d—tl(1)<0npu |z] < &g, t > to,

ro nyaeeoe pewenue cucremvt (1) ycroiinuso no Janynosy.
Ecau emecro ycaosusn 2) svinoaneno 6osee cuavHoe ycaogue

dv
3) a0 (1\\ —w(z) <0 npu 0< |z| <&y t> 1t

a pynkyus w(x) nenpepwiéna npu |z| < &, 70 Hyasesoe peureHue
cucremnt (1) acumnroTuuecru ycroiivueo.

Teopema YeraeBa. lycrs cucrema (1) o6aadaer nyae-
etim pewenuem. Iycre e Hekoropoi obaactu V npocTpancrsa
Zy, ..., Tn Cyyecreyer 6ug'5¢epem;upye.uaﬂ Pynryus v(zy, ... Ta),
npuvem

1) rouka z = 0 npunadaexur zpanuye obaacru V,

2) v = 0 na zpanuye obaactu V npu |z| < eo,

3) 6 ob6aacru V npu t >ty umeen v >0, dt 0> >w(z) >0,

dynryus w(zx) nenpepwviana.

Tozda nyaesoe pewenue cucremwr (1) meycroinueo.

He cymecrByer o0mero Merona HocTpoeHEa (pyrkmmm Jlamy-
HoOBa v (Korjla pemenmne cucreMsl (1) HemaBecTHO). B papme cayuaes
dyHKIMIO JlanyHOBa yRaeTcAa HOCTPOMTH B BHME KBaJIpaTAYHOIA

dopMn v = 2 b;;z;¢; M B BUN® CyMMH KBajparHuHO# op-
1,7 .
MBI 0 MHTErpajioB OT HeAWHEHHHX (PYHKNHA, BXOAAMHAX B IPABYIO
9acTh MAHHOH# CUCTEMBI.
4, YcnIoBUA OTPMIAaTENbHOCTH BCEeX BeIecCT-
BeHHB X JaCTell KOPHeil YypPaBHEHH A

aA*+ o)A '+ ...t ap At a.=0, a>0, (6)

C BemeCcTBeHHHMHE KodpPrnomerTamm.

a) Heo6xoxgumo ycanosme: ece a; > 0. B cayqae n << 2
9TO YCIOBWE SIBIAETCA W JJOCTAaTOIHBIM.

6) YcanoBna Payca—Typsrma: Heo6zoduro u docra-
TOUNO, 4TO6bL GblAL NOAOHUTEALHBIMU 6Ce 2aa8Hble JUA2OHAAbHBLE
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munoper marpuyst I'ypeuya

a, a 0O 0 0 O 0
a; a, a, a, 0 0 0
a, a a; a, a a 0
0O 0 0 0 0 O a,

Ha ruaBHOIii [EAroHaJm 3TOH MATPHOBI CTOAT YACHA @i, Gy, ...
... @n. B Kampoil cTpoke MHJEKC Kaj)kgoro umcjaa Ha 1 MEHBmIO
WHAJEKCA TpefblAymero ymciaa. ducia a; ¢ HHAEKCAME i > n HIH
i < 0 3aMeHAITCA HYJIAMH,

T'naBabIle [EaroHAJbLHBIe MUHOPH MaTpunsl 'ypBmia:

e 2 a4 0
0
A1=a11 A2= a all A3= a3 a2 al Y oo (7)
3 2 a a, a
5 “a %

B) YcaoBmsa JIremapa—IIunmapa. Heob6zodumo u do-
crarouno, urobul éce a; >0 u urobor Ap—y >0, Ar—3 >0, Ap_5>
>0,... 20e A; Te xe, uro ¢ (7).

9TH yCIOBHA PaBHOCHJILHH yciuoBEaMm Payca— I'ypsmma, HO
yRoOHee, Tak KaK CO/lePKAT MEHLIN® JleTePMEHAHTOB.

Ilpumep. Ilpu Kakax ¢ m b kopEHU ypaBHeHms A*- 2A% -
+ aA? 4 3A + b = 0 uMelOT OTPENATENbHEIE BEHIECTBEHHEI® JACTH?

IImmem ycunoBua JIrenapa — lllmnapa:

210
3 a 2
0bd 3

Orcrofa moimydaem ycaosms b > 0, 6a > 4b 4 9.

r) Kpurepnii MnxaiinoBa. Heo6zodumo u docrarouro,
4T066. Ha KOMRAeKCHOU naockocTu Touka f(iw), zde f(A) — aesas
uactv (6), npu usmenenuu ® or 0 do - oo He npozxodusa uepes
Hawaso kK0OpOuHAT U cdeaasa nOGOPOT GOKPYZ Hez0 Ha Y204 nit/2
8 NOLONUTEALHOM HANDIBACHUU.

Jpyras (sxBuBaieHTHasn) opmyampoBka kpmrepda Mmxaiimo-
Ba: Heo6zodumo u 8ocTarouno, ¥rTo0bl @n@s—) >0 u %7066l KOpHU

MHOZOYAEHOE
P(E) = @n— @n—2f + an—§2—.. oy
¢(n) = @n-1— @n-sn + an-sn’—...

6blau 6Ce NOAOKUTEALKBLMY, PAIAUNHEIMY U YePedyoWUMUCS, HAYU-
Has ¢ Kopus §y, 7. €.

0<Ei<m<E<nN<...
(3amermM, uro MHorowieH (6) nmpm A =iw pasen p(o?) -+

+ ing(w?).)

Ilpamep. f(A) = A5+ 2A* 4 7TA3 4 8A2- 10A 4 6. 3pecs
an=06>0, ap—y = 10> 0, a mMEOrowresn p(g) = 6 — 8% + 2E2,
g(n) = 10 — 7 + n? mueior kopEE §1= 1, 2= 3, m= 2, No=>5.
3naunr, 0 < &, <m < 2 < 1. Ilo xpmTepmio MumxaitroBa Bce KOp-
HA MHOrowjieHa f(A) EMEHT OTPHIATENHLHEE BeMECTBEHHKI® JaCTH.

5. YeaoBua ycTORIUBOCTA HYJIEBOrO PEMIEHAS JAHOHHON CHCTe-
MH ¢ mepaofmyeckuMu kodddunmentamu cm. B [5], ra. III, § 16.
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3agaum 881—898 pemarorcs ¢ moMompi0 onpeenenms
yCTOWUABOCTH.

881. Iloap3sysachk ompefereHmeM ycToHuuBocTH mo Jla-
OYHOBY, BHISACHATH, YCTOHYMBEL JH peIIeHMsA JAHHBIX ypaB-
HeHHI ¢ YKa3aHHEIMH HAYAJIBHBIMA YCIOBUAMU

a) 3(t—1)&=z, 2(2)=0. 6) &=4zx—t’%z, z(0)=0.

B) a=t—uz, 2(0)=41.r1) 2td=2z—23, 2(1)=0.

B sagauzax 882—888 maweprmrs Ha miockoctm z, ¥
TpaeKTopuE RaHHEIX cumcTeM BOam3m Touku (0,0) m mo
YepTe;Ky BEIACHATH, YCTOMYMBO JA HYJNEBOE peIIeHHe.

882, &= —z, y=—2y. 883. £=z, y=2y.

884, ¢ =—z, y=y. 885. &= —y, y =223
886. #=y, y=—sinz. B887. &=y, y=2%(1+y?).
888. & =—ycosz, y=sinz.

889. Tpaekropum cucrTeMbl ypaBHEHHI %’:ﬁ =P(z, y),

’ ’ ’ r
3—;’ =Q(2,y), rme Qymkmmm P, Py Py Q) O &y
, HEeIpEepHBHE], H300pasKeHH
g Ha ¢dasoBoii  miIOCKOCTH
(pmc. 5). Yro MOxkHO CKa-
3aTh O IOBEJCHAN peINeHm
npm ¢— +oo? fIBnserca am
HYJIeBOE pemeHHe ACHMIITO-
TH9ecKE ycronuABbrIM? fIB-
JAsAeTCA JH OHO YCTOHIMBEIM
2 mo JlamyroBy?

© B 3agagax 890—892 srisac-
HHATH, ABAAETCA JIA yCTOHIH-
BHIM HyJIeBOE peIleHHe CH-
CTEMEI, €CIH M3BECTHO, 9TO
Pme. 5 ofImee pemenme 9ToR cHCTe-
ME FMEeT yKasaHHBIA BH].

890. £ =C,cos?t — Cae™", y =C tte~ + 2C,.

C,—C,t »
891. z = —;—+—‘-§2—, Y= (Clt33+ C)e .
_ LA

893. lorasatp, 9TO AAA yc'rgﬁmocm no JlanysoBy
Z
HyJeBOTO DeIeHHa ypaBEemEa -; =a(f)z (rme Qymx-
nua «(t) HempepHBHA) HEOGXOJUMO M JOCTATOTHO, ITOOHI
Feon? g

T [a(s)ds< + oo,

t>too g
74



894. NToxasarb, 9TO ecnm Kakoe-HEGYAL OJHO PeIIeHHe
nnHedHOU cmcreMsr audepeENMaJbHEIX yDaBHEHHHA Yyc-
toiramBo mo JIAIIYHOBY, TO yCTOWYHWBEI BCE PEMEHHA 3TOM
CHCTEeMEL

895. ToxasaTh, 9T0 ecam KajKEoe pelleHWe JWHEHHOI
OTHODOXHOX CHCTEMEI OCTAeTCA OTPAHWICHHHIM IpH f—
— oo, TO HyleBoe peImeHHe YCTOHYMBO m0 JIAMYHOBY.

896. TorasaTs, 9T0 ecam RasKM0e pENMIeHHe JIMHEAHOM
ONHOPOTHO# CHCTeMEI CTPEMETCA K HyN0 npm & —>-Heo,
TO HyJeBoe PeImeHAe ACHMITOTAYECKH YCTOXIAEBO.

897. ToxasaTs, 4TO ecim ImHei#HAas OTHOPOJHAS CH-
cTeMa mMeeT XOTa OBl OMHO HeorpaHWYeHHOe mpH f —- oo
pemmeHme, TO HYJEBO® PeIeHne HeYyCTONIMBO.

898. VcroitumBo a1 HyJIEBOe pPEIIEHM® CHCTEMHl # =
=ay (t)z1 + a12(t)z2, Zo=an(t)z1+ ax(t)z:, ecim us-
BeCTHO, 4T0 @11 (t)+ ax(t)—~ b>0 opm t— +oo?

B zamavax 899—906 ¢ momomspio Teopemrr JIsmymosa
00 yCTOMYMBOCTA IO IEPBOMY NPHOIMKEHHI0 HCCIENOBATH
Ha YCTOMYIABOCTH HYJEBOE PEINeHHe.

899, {%=zzy_z o 900. {%=xz+y’—2”
y = 5z% 4+ y3 + 2z — 3y. y =3x*—z 4 3y.
o Pt
901. a: e cos 3z,
y= V4 + 8z — 2.
z=1 3x
902, [f n(ty + ™),
y=2y—1+y/1—6z.
2 = v_
903. [:c In (3¢ : 208 z),
y=2¢"—78 + 12y.
z=1tg(y—2),
904. {. n
y=2"—2008(—§-— )s
5:=tg(z—y)—2z, 5:=e'—e"',
905. {y— V9 + 12z — 3¢", 906. { y— 4z 3sin(z+y),
g=—3p. ¢= In(1 + ¢—3z),
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B sagazax 907—912 wmccaemosaTh, npm KakmX 3Have-
HNAX TapaMeTpoB @ W b acUMNOTOTUYECKH YCTOMIABO HY-
JIeBoe pemienme.

T=ar—2 z2, r=az 4 2,

907. { YT 908, [ wryre
y=z+y+ay. y=z+ay+y>
r=z+ta 2 z = sin z,

909, [ ta v l y + sin
y =bxr— 3y — 22 Yy =ax + by.

o1, {x= 2¢ % 1/4+ay, 912. [x= In (e + az) — €Y,
y=In(1 4+ 9z + ay). y=>bx + tgy.

913. UccuemoBarh, ycToiiumBo JH pemenme x = —i2,

Yy =1 cucreMmst
E=y?—2y—2y —z, y=2z+2+ "%,

914. WccmemoBarb, YCTOMYABO JIM peIIeHHE X = COSf,
y=2sint cucreMsl

S . g & y
[a:—ln(x+2s1n37)— 7
y= (4 — 2%) cost — 2z sin® £ — cos®&.

B sagmauax 915—922 naa pgamEmx cmcTeM HafiTE BCe
DONOKENNsI PAaBHOBECHA W MCCIEe0BaTh WX HA YCTOHYH-
BOCTb.

= — % — == _"1 —17
ot5. {x y—a—z, o16. [z (z—1)(y—1)
y=3z—a%—y, y=2zy—2.

=1 — ),

917{ 918, {x n(y*—2)

y =sin(z +y). y=r—y—1.

=3—V4+22+y, =é —¢",
919.[’ V TEHY 990, {x e

y=In(z*— y="V3z+i-2
921, [x——ln(1 y+smx),

y 2+1/3sma:—
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z = —siny,

y=2 + V1—=3z—siny.

B zamauax 923—931 ncciaemosaTh yCTOMYMBOCTE HYJIE-
BOTO peMIeHWs, IOCTpoMB (YHKNHIO JIAmMyHOBA W IpHMe-
HuB TeopeMsl JIamyroBa uam UYeraesa.

o

r — S —vy, rT=y—=zx+ zy,
923. ‘{? v 924{ y—rt+

y=z+y =z —y—2"—y
925, {%=2y3—x5 926. {x‘zy—x3+y’

y=—r—y* + y=2—y°

r—y— 3z — 23 z=2—z—y5
927. ‘f ymor—a 928{ y—e=y

y =6z —2y. =z—2.

I— —1— s z=x—y— a3,
929, [f o 930. [ y—H

y=y*—a y=2z—y—y
0315, [ —h@— 1),

y="1f3(x)—fa(y)

rae sgn fi(z)=sgnz, i=1, 2, 3, 4.

B samawax 932—948 wmccaemosaTs ycTOMYHBOCTE HY-
JIeBOT0 pEIIeHHsA, MOJB3YACH H3BECTHLIMA YCIOBAAMHA OT-
pHUIaTeAbHOCTA BEI[ECTBEHHBIX YacTeidl BceX KOPDHEH MHO-
rowieHa, HampuMmep, ycioBuaMum Payca — I'ypsuma mam
kputepueM Mmuxainosa.

932, y" +y” +y’ + 2y =0.

933. y” +2y” +2y’ +3y =O

934. y'V +2y” 4 i +3 +2y 0.

935. “'+2 ’”+3 ” +7 "+ 2y =0.

936. n'+2 ”’+6y”+5y +6 =0.

937. y v + 8y’” + 14y ” + 36y’ + 45y =0.

938. y o +13y” +16y” + 55y + 76y = 0.

939. y yv +3y” +26y” + T4y’ + 85y =0.

940, “’+3 1y” +5,2y” +98y +58y==0

941. "+2 YVt 4y” +6y” +5y + 4y =0.

942. yV+2y ”’+5 ’”+6y” +5 +2y 0.

943, v+3 I"-I-B "+ Ty +4 +4y=0.

944, y" + 4y” + 9y”’ + 16y o 19y + 13y =0,
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945. y¥ + 4y'Y + 16y” +25y” + 43y’ + 9y =0.

946. y" + 3y™¥ + 10y + 22y” + 23y” + 12y = 0.
947, yV+ 5y + 15y” + 48y ” + 44y’ + Thy = 0.
948. y¥ + 247 + 14y” + 36y ” + 23y’ + 68y =0.

B zajazax 949—958 mcciemoBaTh, mpE KaKEX 3HaUe-
HASAX DapaMerpoB ¢ W b HyJeBoe pEIIeHA® ACHMITOTHIE-
€KH yCTOHYHBO.

949, y” +ay” + by’ +2y=0.

950. y” +3y” +ay’+by=0.

951. y™V+2y” +3y” +2y" +ay=0.

C 952, YV Hay” +y” + 2y +y=0.

953. ay'V+y” +y” +y +by=0.

954, y'V+y“ +ay” +y +by=0.

955. y'V+ay” +4y” + 2y + by=0.

956. y'V+2y” +ay” + by +y=0.

957. yV+ay” +4y” + by’ +y=0.

958. y'V+2y” +4y” +ay’ +by=0.

JIlng mccmemoBanmA YCTOWYABOCTH YPaBHEHHH c Tme-
puogmyeckuMn kospdummentamm B 3amazax 959 m 960
HAJ0 HA¥TH MaTpANy MOHOAPOMHAM ¥ BEYACIAATH MYJIbTH-
mamkatopsl, cM. [5], ra. III, § 15, § 16.

959. UccnemosaTs HA YCTOMYMBOCTH HYJEBOE peImeHUe
ypaBHEHAs

E+p(t)z=0, p(t)=0a®(0<t<um),
| p(t)=b%(n <t < 2m),

‘p(t+ 2n)=p(¢), npn creAyomux 3HAYCHAAX APAMETPOB:

a) a=0,5 b=0; 6) a=05, b=1;
B) a=0,5 b=1,5; r) a=0,75, b=0;
o) a=1, b=0; e) a=1, b=1,5.

960. VccmenosaTh, OPH Kakax a¢ W b yCcTOMYMBO miy-
JeBOe pemIeHnme CHCTEMBI ¢ HepHONmIecKEMHA Kod3Pdumu-
eHTaMa

Yy
A(t)'=(g 8) npn 0 <<t<<Ai, A(t)=(g g) opm 1 <<t<<2.

(1) - A(t)(;), At +2)=A(1),

§ 16. OCOBBIE TOYKH
1. Oco6o# TOYKOH CHCTEMEBI
dz . 'dy
@ =Pk g5 =Q&0) (¢)]
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HIE ypaBHEHHAA
dy 0 (zy ¥) )
TPy’
rae QyHERIAA P uQ nenpepmauo nu@bepennnpyomm, Ha3BEIBAGTCH
TaKag TOYKa, B KoTOpoii P(z, y) = 0, Q(z, y) =
2. lIJm HCCIEeIOBAHUsI 0€000i Tomn CHCTEMBL

dz

2t =9z + by, ﬁ—w+w 3
HIN ypaBHOHHA -

dy _ ezt dy @i=m+@) %)

dxr ez byi\dy cz-dy

Hajj0 HATH KODHA XapaKTEPHCTHYECKOr0 yPaBHEHHA
a—) b
c d—Al= 0. (5

Ecim xopHM BemeCTBeHHEI®, PA3IHYHEIE M ONHOTO 3HAKa, TO ocobas
Touka — y3ea (pmc. 6a), ecim pasHEIX 3HAKOB — cejno (pme. 66),

SO
@ =

8CIE KODHH KOMILIEKCHEI® C BEIIeCTBEHHON 9YacThi0, OTIMYHOX OB

Hyad, To ocobas Touka — doryc (pmc. 6B), ecim YACTO MEAMEI®,—

nesETp (pume. 6r); ecam KODHE paBHEIe W HEHYyJeBHe (T. e, Ay =

= Ay %= 0), T0 0coGasg TOYKa MOKET OBITh BEIDOKJCHHEIM YSJIOM

(pmc. 6x) mam gEKpATHIECKEM y3uaoM (puc. 6e), mpmaem gm{pn’m-
T

" Pme, 6

gecKmi y3ea mMmeer MECTO TOJBKO B CiIydae CHCTBM.BI‘d_t = ar,

d
T‘:’-=ay (HJIH YpaBHEHAA d_i' =’%’)9 a BO BCeX OCTaJBHEIX CIy-

gagx mpA A; = A2 2 0 ocobasg TOYKA ABIAETCA BHPOKAEHHBIM
y3I0M.

EC‘JIB jxe ofmH mad ofa KOpHA ypaBHeHHEA (5) paBHH HYJIIO,

™ |, 4 =0 m, ciIefoBaTeaLHO, APO0h B IPAaBOH dYacTH ypas-
dy
HeHEA (4) cokpamaeTrcs. YpaBHeHHe ODPHEEMAeT BUJ 'd_z-':k’ H pe-
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meHus Ha INIOCKOCTH (z, y) H300paskaoTcA NapalNeIbEEIMA
OpAMEIMHA; BCO TOYKH JUHHE az + by = 0 — ocobs1e.

Yro0bl HAUePTHTh NOTErpajbHEI® KDPHBHE ypaBHeHEH (4) Ha
maockocTd (z, y) (T. e. TpaexTopud cucTeMsl (3)) B ciydae ysia,
cefla W BRIDOKJSHHOTO y3ia, Ha/0 IpeKJe BCero HaWTA Te pemie-
HUsA, KOTOPEI® M300paKa0TCA NPAMBIMA, OPOXOMSIIAMA Yepe3 0co-
Oyio TOuKy. JTH npmmle: BCerfia HaHpPaBIeHBI BAOJIb COOCTBEHHBIX
a
¢ d)’ COCTaBJIEHHOII W3 K03(PUNUEHTOB [aH-
HoO#l cacremn (3). B ciayvae ysna KpHBEI® KacaloTca TOH IPAMOiL,
KOTOpas HAIpaBicHA BROJL COOCTBEHHOTO BEKTODA, COOTBOTCTBYIO-
mero MeHbmeMYy IO aOCONIOTHON BelIMINHE 3HAUEHUIO A.

B cxy3ae ocoboii Touku TEOA (POKYC HafO OmPENENHTH HANpaB-
JIeHHe 3aKpyIMBaHMA TpaekTopuif. [lJIs 9TOro Hajfo, BO-IEPBHIX, HC-
CIeJI0BaTh YCTOHIUBOCTH 9TOIl TOYKA mO 3HAKYy Re A, H BO-BTODHIX,
ompefeauTh, B KAKOM HAIIDABIEHHUH BOKPYT 0C000il TOUYKEA IPOHCXO-
JIBT JBHKEHHE IO TPACKTOPHAM. J[JIA 3TOr0 JOCTATOYHO IOCTPOHTH

. dx dy
B KaKOH-HEOYAH TOIKe (Z, y) BEKTOP CKOPOCTH VT

BOKTOPOB MaTpUIBL

) » ompepe-

JaseMsiil o gopmyaam (3).

AHaJIOTMIHO HMCCIEeyeTcs HampaBieHHe JIBIMKEHHA B CIy4ae
BBHIPOKJIOHHOTO y3Ia.

Ipamep 1. Uccaegosatsr ocobyw Touky z =0, y = 0 cm-

CTOMEI
g¢=2z, j=2z+y. (6)
CocraBiseM m pemaeM XapaKTePUCTHYECRO® YpaBHEHH®O
2—) 0
1 1—2 =0, @—AN({1—MN=0, }v1=1, }”=2'

Kopem BemecTsennele, pasnuuubie m ofEoro 3Haxa. CiemoBaTenb-
HO, ocofas TouKa — ysex (TOTO ke THma, 9To Ha pmc. 6a). aa
A1 = 1 HaxommM COGCTBEHHBIHA BEK-
Yy Top (0, 1), a A Ay = 2 — BEKTOD
(1, 1). Ha nuockoct: z, y CTPOEM
npsAMEble, HAIPABIEHHEI® BOIb 3THX
BEKTOPOB, a 3aTeM KpHBHIE, Kacalo-
mueca B Havajle KOODAWHAT Iep-
BO U3 OSTHX ©OPAMBEIX, TaK Kak
[A1] < |Ae], cm. pme. 7.
- - 3 I pyroii cmoco6 mocTpoeHns HH-
TerpajibHEIX KDHBHIX. Paspenns of-
HO U3 ypasHeHmil (6) Ha npyroe,
DOTyYEM ypaBHeHHe BHAa (4)

 _zty
dz 2z
TH dz _ 2z )
Pmc. 7 y z+v /)

ITpsiMele, npomnﬁmne wepes 0cofylo TOUKY, HIIEM B BHI® y = kz
(a Taxme z = 0). ITofcraBaAA B HANHECAHHLI® ypaBHERHs, HAXO0-
gaM k= 1. 3gauAT y =2 1 T = 0 — mcxomuie npsaMee. Ocrais-

HE© BETErpaILEEe KPUBHIE CTPOATCA C IOMOIBIO H30KJIAH (pmc. 7).
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IIpumep 2. HccaemosaTh 0coGyi0 TOYKY ypaBHEHHS
dy 4xr — 3y

dr = z—2y ° ™

Haxogum KOPDHH XapaKTEePNCTHIECKOr0 ypaBHEHHA

1—3 =2
4 —3_3|=0 AF2045=0; A=—1%2.

Ocobas Touka — oxyc. Ilepexogum ot ypasmenmsa (7) K cHCTeMe

dx dy
-d7=:c—2y, E-=4x—3y. (8)

CrponM B Touke (1,0) BekTOp ckopocTm (%, -“%—)B cany (8) om
paBeR (z— 2y, 4z — 3y). B Touke z = 1, y = 0 moxyuyaeM Bek-
rop (1, 4) (pmc. 8a). CiexoBaTesbHO, BO3PACTAHMIO ! COOTBETCT-
BYeT JBIKEHHE [0 TPAeKTOPHAM IPOTUB JacoBOoil crpeiaxm. Tak Kak

X Y

N

/
(1,0) T : U/

Prc. 8

BeIeCTBeHHAs 4acTh KOpHeid A paBHa —1 < 0, To ocobfas TouKa
aCHMOTOTHYECKH YCTOHYMBA, CIEJOBATEILHO, IPH BO3PACTAHUE ¢ pe-
HOIEHUA HEOrpaHMYEeHHO NPHOIMKAITCA K 0c000# Touke. Mrak, mpm
ABUIKEHUH NMPOTHB YACOBOW CTPEIKHE TPAEKTODHE LPHGIMKAOTCA K
Hagany KoopmmaaT (pmc. 86).

3. lnst uccaenoBanua ocoboit Touxd Gomee obmeit cacremnr (1)
niu ypaBHeHHs (2) HaJO MEPEHEeCTH HAYaJ0 KOODAMHAT B MCCIe-
ayeMyo ocolyio TOUKY M Pa3iokuth PyExnam P m Q B OKpeCTHO-
cTu 3T0ii Toukm mo ¢popmyne Teiropa, orpaHmYmBasACH WIGHAME
mepBoro nopsifxa. Torga cmcrema (1) mpmmer Bmp

dx dy

—dtl =az, + by, + @ (7p ¥y) 'd_tl =cz, +dy +¥(zpy,) O
rie z;, ¥ — HOBbIe KOOpRUHATH (mOcie mepeHoca), a, b, ¢, d — mo-
crosHHEbIe. IIpeAnonoKIM, ITO XA HEeKoToporo € > 0

(P(xl’yl) ‘P(zl’yl)
te -0, Ate

-0 opx z, -0, y, —0,

e r=sz+y%. OueBHHO, 3TO YCIOBHE BHINOJHAETCA (IpH
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ao6oM & < 1), ecan pysrnur P @ Q B HCCIONYEMOH TOYKE BAMKEI
nagdepernupyeMsl. IIpenoiIosKAM €mie, 9T0 BEI[ECTBEHHHI® 9acTH
BCeX KOPHEil XapaKTePUCTHYECKOro yPaBHEHHA (5) OTIAHYHEL OT HY-
as. Torga ocobasg Touxka z; = 0, y; = 0 cmcremunr (9) Gymer Toro
JKe THOa, 9T0 0c00as TOYKa cUCTeMHI (3), moayyaeMoil OTOpackiBa-
nmeM QyEKOmi ¢ @ Y. Jlanee, yriopeie KO3(@UAIEEHTE Hampasie-
HHE{, IO KOTOPHIM TPaeKTOPUH BXONAT B 0COOYIO TOUKY, [JIA CHCTEM
(3) m (9) opam u Te e (OXHAKO OPAMHBIM y = kx nusa cacteMst (3)
MOTYT COOTBETCTBOBAaThH KPHBHI® A cmcTemMer (9)), a B ciaydae
¢oryca — HanpapieHAE 3aKPYIABAHAA OJHO U TO JKe.

B ToM ciyuae, Korga mas cucteMHI (3) ocobas TOYKa — IEHTD,
naa cacteMiel (9) oHa MosKeT OHTH (POKycoM mam meHTpoM. Jlas
Hajamyusg NEHTPa JOCTaTOIHO (HO He HeoO0XOAEMO), 9TOOH Tpaex-
TOpHHA cucTeMH (9) EmMeJHm OCh CHMMOTDHH, NIPOXOAAINYIO Yepe3 HC-
crepyemyo Touky. OCh CHEMMETDHH, OUY€BHIHO, CYINECTBYeT, €CIA
ypaBHeHHe BHAa (2), K KOTODOMY MOKHO mpmBecTH cmcTeMy (9),
He MEHAeTCA OT 3aMeHHl z Ha —z (MIE y Ha —y). laA Haamudsa
foxyca HE0OXONUMO E MOCTATOYHO, YTOOEI HYJNEBO® peIIeHAe CH-
creMsl (9) OBIO AacCHMIOTOTHYECKH YCTOHIMBO mpm ¢ — - 00 HIH
npu ¢— — oo, HccaemoBaHne HA YCTOHYIABOCTH MOKHO HPOBECTH
¢ momMompbio pyErmma JIamynoBa. TO cAelaTh HEJIErKO, TAK KAK B
paccMaTpmBaeMoM ciyiae (pyHKmmio JIamyEHOBa YacTo IPEXORHTCA
OpaTh B BHAP CyMMLI WIGHOB BTODPOil, TPeThell M UOTBEPTOH creme-
Heil OTHOCHTENILHO Z, Y.

B samazax 961—978 mccamemoBaTh oco0nle TOYKH Ha-
IHCAHHEIX HUKe ypaBHeHmit m cmcreM. Haweprure maTe-
rpajbHEIe KpHBHe (HIH TpPaeKTOPAH) HA ILUIOCKOCTH
(z, y).

’ 21+y ’ 3—4!/
961. Yy =m 962. y =-27—_3.1:

r_y—2 P zt4by
963. Yy = T 964. y = %3

—_ 2z —

965. y'=ﬁ. 96. y' ==L,

’ b ? 4 '—2
97,y = L= 968 y =L,
969. y' = L. 970. y'=;z—’_—_2-"§.
971, [’,”:3”" 972. [’”=2x—y’

y=2r+y. y=u=z
973, {’”=“+3y’ 074, [f”=x'

y = — b6z — 5y. y=2ur—y.
975.'[?”:_2’”—5% 976.[‘.‘=3”+y'

y =2z + 2y. y=y—=z.
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977. z =3z — 2y,

y_4y—6:1:.

978. 7=y =2,

y = 2y — 4x.

B zagawax 979—992 mafitm m mccaemoBaTh 0co0BI8

TOYKH JaHHEIX ypaBHEHHH M
2y —=z
979. y' = Er
4y — 2°
981, ¥y = 2y — 4y —8
983, y = ZTY =2,
z—y
- 2—
985, [? e
=In (1— =+ z%)
987, !x—(Zx—y)(:c 2),
y=uzay—2.
Py,
oo, |77
y=a*—(y—2)%
=Iln (1— 2
991, [x o (=g +5):
y=3—V 2+ 8y.

CHCTEM.
’ 2z 1y
980. Y =z_2-—y—_5.
r__ 2y
982. y =y
y+Vired
Wh ¥ =TT
=1n(2 — »?),
086, lx n (2 — 3?)
—In3. y=¢e*—eé'.
= 2 2—2,
988, lx Vaa—y+2
= arctg (2® + xy).
i_lny —y+1
990.[ 3 7
y =2z —yt
=V (z—y)PE+3 -2,
992, ‘x Va(x P+
y_e”"‘—e\

HOaa ypasmenmit 993—997 pmats gepresk pacmososxe-

HAS HHTErPANBHLIX KPUBHIX
AHHAT.

B OKPEeCTHOCTH Ha4ajla KOOp-

VYxasanmme. B sagavax 993—997 ocoOrle TOUKM He mpHHAf-
JIe’KaT K PacCMOTDEHHHIM B Hadajse § 16 tmomam. [Iaa mx mccaeno-
BAHAS MOJKHO HOCTPOHTH HECKOJBKO H30KJIHH. 3aTeéM HaJ0 BHIAC-
HATH, ¢ KAaKAX CTOPOH MHTErDajJbHEIe KDHBHE BXOAAT B 0C0O0yIO

TOYKY.
* r_ zy * ’ z +y
993.y—$+y. 994*, y' = o
¥ 2zy * g0 Y
995%, y e 996*, y ——
997*, 4 — L
y+o°
6* . 83



998. JToxasarh, 4T0 ecim ocobas TOYKA ypaBHEHHAA
(ax + by)dx + (mz + ny)dy =0

ABJIAETCA LEHTPOM, TO 9TO yDaBHEHHUe ABJISETCA ypaBHE-
HEeM B monmbix auddepenmmanax. OOGpaTHOE HEBEPHO.

999*, JlokasaTh, 4TO eciu ypaBHeHHe NpPENBIAYINei
3aJlaud He ABIsAETCA ypaBHeHHEM B MOJHBIX guddepen-
OHajnax, HO MMEeT HMHTErPAPYIOMAA MHOKUTEIb, HEIpe-
PHIBHBIA B OKPECTHOCTH HAadaja KOODAWHAT, TO o0cobag
TouKa — cemIo (ecam an ¥ bm).

1000*, Ilycts B ypanHeHHAH

’ az+by+p(z,y)

T eztdy+q(z p) O

yHKOME p W ¢ ompefedeHH W HempepeBHO auapdepen-

napyems! B Hexoropoit oxpectHoctd Toukm (0,0), a B ca-
- ’ ’ ’ ’

Mot Touke (0,0) P=px=py=q=¢q=z=¢qy,=0. [Jlo-

KasaTh, 4T0 eclan ypaBHeHume (1) He MeHAETCA OT 3aMeHEI

Yy Ha —Y, a KOPHA XapaKTePHCTMIECKOr0 YPaBHEHUSA

LA

c—A d
a b—A

=0

9mcTO0 MHHEMEI, To ocoGas Touka (0, 0)— memTp.

§ 17. ®A30BAA ILIOCKOCTDH

1. O mouarasax (Ha3oBoro HmpocTpaHcTBA, (a30BOH IIOCKOCTH,
aBTOHOMHON cHcTeMbI, Tpaekropmd cM. [1], ra. VII, § 4, o. 4 mam
[3], § 15 wam [4], ra. 3, § 1.

2. Uto0OBl MOCTPONTH TPAEGKTOPHA CHCTEME

2= fl('t7 y)1 y = fZ(xv y) (1)

Ha $as0Boii NIOCKOCTH z, Yy, MOKHO HJIH HCCIENOBATH HENOCpPencT-
BEHHO 3Ty CUCTeMy, HIHA, Pa3feJHEB OfHO YPAaBHEHH® HA JADPYroe,
CBECTH €6 K ypaBHEHHIO IIePBOr0 IOPARKA

dy f(=0)
dz = fl (z, y)° @

Tpaexkropau cucTeMbl (1) OyAyT WHTerpajlbBEBIME KDHBEIMH ypaB-
HeHma (2). Ix MOMKHO NOCTPOMTH HMJIHM pemuB ypaBHeHme (2) (wa-
CTO OHO pemiaeTcsa mpomie, 9eM cmcTeMma (1)), mazm ¢ momomplo Me-
Toma m3okamA (§ 1), mpm 3TOM HEOOXORHMO HCCIENOBATH OCOGHIe
TOYKH CHCTOMEI (MeTomamm § 16).

Jina mocTpoeHnA TpAaeKTOpHil ypaBHeHMs i = f(z, £) Ha da-
30BOM IUIOCKOCTM HAf0 OT JTOr0 yPaBHEHHS IepeiT:H K cucreMe
¢ =y, y = f(x, y), KOTOpas HCCAOAYETCA TAK e, Kak cmcreMa (1).

3. IlpegenbHEIM IHEKJIOM Ha3HBAOTCA 3aMKHYTad TPAGKTODHA,
Yy KOTOpOil CyIecTByeT OKpeCTHOCTh, NEeJIMKOM 3aNOJHEHHAA TPaeK-
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TOPHAMHA, HEOrPAHWYCHHO NPUOCHMKAOIAMACA K STOH SaMKHYTOI
TpaeKkTopnH mpH t—> + oo mam mpm t->— oo. IlpepeasHniil MEKI
HA3LIBAETCA YCTONMABBIM, €CIH TDAEKTODHE NPHOIHMKAIOTCA K He-
My TONBKO NPH t— - 00, HEYCTOIYMBEIM — ECTE TOJNBKO IIDH
t — —00, TONYYCTO¥ ATEBEIM — ecit ¢ O[HOI CTOPOEHI IUKJIA TPAGK-
TOpHA npn6nrmcarorc;1 K HeMy npm t—>--00, a ¢ Apyroii cro-
I[)gim{i ;gm t—-—oo, O mpemensEHX mnuKIax cM. [3], § 28,
R .

B samagax 1001—1020 nas pmamEEBIX ypaBHeHHWHE Ha-
YepTATH TpaexTopum Ha asoBoit mmockoctm. Ilo wepre-
Ky CIeJaTh BRIBOABI O NMOBEJEeHHH pelneHmit mpm £ —- -+oo.

1001. i+ 42 =0. 1002. ¥ —z=0.

1003. £ —z+22=0. 1004. # — 322=0.

1005. -+ 22°=0. 1006. &+ 2z% — 22 =0.

1007. ¥ +e-—1=0. 1008. & —2*+z+1=0.
1009. & —sinz =0. 1010. £+ 2cosz—41 =0.

1011. & — 42+ 3z =0. 1012. ¥+ 22+ 52=0.
1013. ¥ — 2 — 2z =0. 1014. £+ 22+ 22+ 2=0.
1015. x+x+2x—x2—0 1016. £+ 22— 22+ 1=0.

1017. 7+ 27 —22—0. 1018. 2+ V 22 + 22— 1 =0
1019, 7 + 52— 41n % ;”=o.
1020. &+ 2+ arctg (22 — 2z)=0.

B samavax 1021—1034 maueptuts Ha (asoBoit mioc-
KOCTH TPAeKTODUM MAHHEIX CACTEM H HCCIEN0BATH 0COGhIe
TOYKH.

) 1, ot g
1021. {x THY =L i0s [z ¥t
y=06z—y>+1. y=4y—8.
= —_ ] — 22
1023, [x 4 — bz — 2y, 1024, {x 1 — 22— 3?2,
Y =Y. y = 2.
= - [} ’ == _’4’
1025. {z 2HY=2 o6, [f’ w
y=2z(z—y). =@x—4(y—2).
2y, — 2z —1)(y—2),
1027. {x =¥ 028, { #—1E—2)
y = 2zy. y=y*—2
- 1, 9% — )t — 9,
1029, [x @+ =1 030, [ =@z —y)
y=—y—z+1. y—9_—(w—2y)2.
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&o

=2z —y)2—9,

031, | “ &)

o ly=(z—2y2—0.
.= 2 2—613—8,

1032. [x Ty y
y=z@2y—=z+9).
g,

1033. { y
y=@@—y)(z—y+2).
fv=x2+y2—5,

1034.

y=(z—1)(z+ 3y —5)

1035. BriBecTm ypaBHEHHe [BHIKEHHS MAasATHHEKA Ges
comporusieHns. [lasa ciaydas, KOrfa BCe MOCTOAHHBIE, BXO-
AAl@e B ypaBHeHHMe, PaBHH 1, Ha4YepTATH TPaGKTOPHA
Ha (pasoBoit mimockoctd. JlaTe (usmIECKOoe HMCTONKOBAHHE
TPAeKTOPHAM Pa3AHIHBIX THIOB.

1036. BrBecTrm ypaBHEHH® NBEKEHHA MAasfgTHHKA C CO-
IPOTHBJIEHAEM, NPONOPIMOHANBHEIM KBafpaTy CKOPOCTH.
JaTs wepres Tpaexropmii Ha (a3oBoil IIOCKOCTH.

Yraszamme. Bocmoan30BaThCA 9EpPTEHOM, MOCTPOCHHRIM NI
samagm 1035.

1037. BriBecTH ypaBHeHWe JBW;KEHHA MAsATHAKA, HA
KOTODHI AeficTByeT IIOCTOSHHAA CHJIA, PaBHasg IOJOBHHE
Beca MAasATHAKA M HanpaBileHHAs BCerfa B ONHY CTOPOHY
0 KacaTeAbHOM K IYyre OKPYKHOCTH, IO KOTOPOA JBH-
mercAa MaATHOK. [[AnHEA MaATHEKA paBHA I

Ilpmuae mocrosmmbie [ m g pasHsiME 1, HapmcoBarth
TPAaeKTOpHM INOJYIeHHOrO YPaBHeHHs Ha (asoBoil mioc-
Koctn. Hakme [BMKeHEA MasATHHKA M300pasKaloTca Tpa-
eKTOPUAMH DPAa3JINYHEIX THIOB?

1038. I'pys Maccsl m npumkpemaeR K mpymuEe. Ilpm
OTKIOHEHHA rpy3a Ha DacCTOSHM® I NpY;KWHA [eACTByer
Ha HEro ¢ Cmiod kr, HANPABIEHHOA K IOJOKEHHIO paB-
mosecusa. Cmna TpeEmA paBHa f=const W HampaBleHa B
CTOPOHY, IPOTHBOIONOKHYI0 CKopoctm rpysa. Ilpm t=10
rpys HaXOJATCA HA PACCTOABHME £ OT HONOMKEHHS DaBHO-
BeCHsA W HMEeT HYJIEeBYI CKOPOCTE.

BrBectn ypaBHeHZe® gBWMEHWA rpysa. Ilpmass m =2,
k=2, f=1, h=0>,, usobpasarp ABEXeHHe. rpysa Ha Qa-
80BO& TLIOCROCTH, '
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1039. M306pasuth Ha (PasoBOH MIOCKOCTH Majtble Ko-
ne0aENa MAaATHNKA DePeMeHHOM [JIMHEI, CIWTasg, UTO IPH
[BIJKeHHM MAaATHAKA BBOPX ero [UIMHA pasHa [, a mpu
[BUKeHNN BHE3 paBHA L > [. Bo croibKo pa3 yBeamuurcs
aMIuIHETyRa 3a ofgHO moxHoe KoxeGamme? (IIpmmep: pac-
KagKa Kadejeii.)

Yrxazanme. Jlpg Manex KomeGaHMAX CUATATh Sinz = .
3MeHeERe JJIWHH MafATHAKA HOPOHMCXOAUT MIHOBEHHO (CKAadKOM),

OpHa 3TOM YroJi OTKJIOHOHHMS MAATHHKA H €ro MCMEHT KOJHYeCTBa
JABHKCHHsI OTHOCHTEJBEHO OCH HO HCHBITHIBAIOT CKAIKOB.

Haueptuts Ha (pa30BOH IJIOCKOCTH TPAEKTOpHH CH-
crem 1040—1046, sanmcaEBEHX B MOMAPHBIX KOOPAWHATAX,
A HCCIefi0BaTh, MMEIOTCA JH IpefeJbHbIe UKL

1040, T =r(t —r7), Ry,
d d
1041, d—:=r(r—1)(r—2), w=1.
dr dp
1042, a=r—n =1

1043. & —sinr, 51’= 1.

dt
1044 S =r(lr—1]—|r—2|—2r+3), =1
dr 1
1045. d—t=rsmr, Et——i'
1046, & =r(1 —r)sing—, 2_,
1047*, IIpm xaxmx ycnonnax cucreMa
i), R —1

rae pyErnua f(r) HempephBHA, mMeeT NPEACIABHBIA IHKI?
Ilpn Kaxmx ycaoBEAX 5TOT MUKA ycroiaus? Heycroigus?
ITonyycroitams?

1048*, IIpm xaKEX 3HAUYeHHAX HOCTOSHHOHK @ cHcTeMa

aop dr .
7 =1 Z=—1)(a+sin’g)

mMeeT ycToHuymBEIA mpefeabHE mukia? Heycrofigmssrit?

Haa ypasmenmit 1049—1052 ¢ momompbio H3oKIUH mO-
CTPOHTH TPAGKTOPHHE Ha ()as0BOM IJIOCKOCTH H HCCHIEJ0-
BaTh ocoOble Toukd. Ilo wepTe:Ry cHesaTh 3aKIIOYEHHE O
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MOBe/IeHAN pemIeHu# mph f— -+ I 0 BOSMOKHOCTH CY-
I[eCTBOBAHMS 3aMKHYTBHIX TPAeKTODHil.

1049. i+ 22— 2 +2=0. 1050, £+ (22— 1)+ z=0.

1051, i+ 2 — 2 arctgad +z2=0.

1052, £+ 2 —a&+z2=0.

1053*. Jlns ypaBmeHus &+ 2a% —bsgnz+z2z=0 (0 <
<a<1, b>0) mocrponts TpaekTopmu Ha (Paz0BOI ILIO-
CKOCTH ¥ HAATH TOYKM, B KOTOPHIX IpPEJeJbHBIA IUKI me-
pecexaer ocs Oc.

Vraszanrnne. Haiitm 3aBmcaMocTh MeMKAY abciuccaMd ABYX
[OCJIefIOBATENbHEIX TTePeCeieHHil TPAeKTOPHA ¢ 0Chio Oz.

1054. IToxasats, uto ypasmenme i+ F(&)+ =0, rue
¢yuxnua F mempeprBEa u F(y)>0 mpm y >0, F(y)<O0
mpz y <0, He MOKeT MMETh NpeJeNbHBIX IUKIOB Ha (a-
30BOil IIOCKOCTH.

Yrasamme. MccaemoBaTh 3HAK DONHOH IPOM3BOJHOM
d

2 2
7 (& + 7).

1055*. IIycts f(x, y) m for f,,, penpepsBaEL f(0, 0)<<
<0, a npa z%+ y*> b* umeem f(z, y)>0. [Jokasars, 4o
ypaBuenne i+ f(x, #)&+x=0 nmeer mnepmopmueckoe
pemenue z(t)#!0.

Yrasamme. IlepeiiTu Ha ()a30ByI0 MIOCKOCTL M HCCIEHO-

BaTh 3HAK HOJHOH NIPOH3BORHOI d—t(:t2 + yz).HochonTL KOJIBIIO, H3

'KOTOpOr0 He MOMKeT BHIiTH HE OfHA TPaeKTOpHsd. II[pEMEHATH Teo-
pemy 21 m3 [3].

§ 18. 3BABHCHMOCTh PEMIEHHA

OT HAYAJIBHBIX YCJIOBHN M IAPAMETPOB.
NPABJIMKEHHOE PEIMIEHHUE
JNOOEPEHOAAJIBHBIX YPABHEHHAN

1. PaccmoTpmM cmCTeMy B BEKTODHOIT 3ammcm
iz
a= f(t 2), 1)
rme £ = (&1, ... Zn), f = (f1, ..+ fn). IIycTs B paccMaTpmBaeMoii

o6macta BeKTOp-QYHKOEA f HempepHBHA IO {, £ H YNOBJIETBOPAET
yciaosnio Jlmnmuna !) mo z

1 (e, y) —1(¢, 2)ll = Elly — zll. (2)

of;
1) Eci1 B BHIYRIOIH N0 z ofxacT nMeeM Ej— <La
(i,j =1, ..., n), T0 B 3T0if 06JaCTH BHINOJXHEHO ycxoBue Jlummuna

¢ k = na.
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Yepes || || o6osmauaercs n0Gasg m3 OOBIYHO OPEMEHAEMBIX HOPM
BeKTOpa:

lzll = V]z|* + ... + [2al?
lzll = || + ...+ |2l
nan
lzl|l= max |z
im=], 00y N

ITycrs z(t) — pemerne cucremsr (1), a y(¢) — sexrop-GyEKmus,
YIOBIETBOPAOMIAA HEePAaBeHCTBAM

“Z—f—f(h y)"<m Iy (0) — =z (0) <8,

TOI‘JIa HMeeT MEeCTO OIleHKa
e () — g ()<< el 41 (1 — 1), @3

9T0 HEPABEHCTBO MOKHO IPEMEHATH [JIA TPy0oil omeHK:m omub-
KH DpAOIMKEHHOro pemeHns y(t) cacreMu (1), a Tak/Ke AMAA OmeH-
K CBEpXY pasHOCTM pemieHus z(t) cmcremnl (1) m pemenumsa y(t)
Y
cucreMsl Z; =g (¢, ¥), ecanm llg(t, y) — (¢, p) Il <m.
2. Ecnu B cucreMe ypaBHeHHi
dz.i
jd—t=fi(t, Tir eees Ty p), i=1,..4n (4)

C HaYaJLHBIMH YCIOBASAMA
zi(0) =ai(n), i=1,..4n ®)

B ABustercsa mapaMerpoM, dynkmma f; m a3 (i = 1, ..., n) Hempe-
PLIBHEL M UMEIOT HENPEepPHIBHEIe IPOU3BOJHEIE IO Zi, . .., Tny Wy TO PE-
mIeHHE UMeeT HCNPEPHIBHYIO HPOM3BOAHYI0 MO mapaMmerpy W. Ilpo-

oz, .
N3BOAHEIE 0_;: =u; i =1, ..., n yNOBIETBOPAIT JIWHOHHOX CHCTe-
Me ypaBHEHHii
du r of; af;
i i i
o= ﬁui-}_ﬁ’ i=1, ..,n, (6)
4 i
=1

’
¥ HauadpHELIM ycaoBuaMm u; (0) =a; (w), i=1, ..., n. 3Havermma

of,  of;
IPOHU3BO/IABIX #n Tl; B gopmyne (6) Gepyresa mpm zy = z(¢),...

vow Tn == zn(t), T Z,(t), ..., Tn(f) —pemenme cmcTeMm (4) c
HaYaJbHBIMA YCIOBHAMH (5).

B vacrHOCTH, eciiM HONOMKATH ax(n) = WU, ai(p) = const npm
i % k m caarath, ¥T0 Bce (PyHKOHA fi, ..., fn HE 3aBHCAT OT |, TO
U3 NpeNBIAYINEro yTBEpEAeHHMsA OyHeT CIefoBaTh, UTO AJIAA CHCTe-
MHEl (4) ¢ HavanbEBIMEH ycaoBuamm z;(0) = a4, i =1, ..., » Dpo-

T2

H3BOJIHEIE aT;=“i (i=1,...,n) 0T KOMIOHGHT peIEHHHA
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Zy, ..., Tn OO HAJAJIBHOMY YCJIOBHIO @r CYIIECTBYIOT H Y/OBJOTBO-
PAIOT CHCTEME ypaBHEHHm

dui n af‘
Zn = Eu,, t=1, ...;n,
j=1

® HavadbHEIM ycaoBusaM u¢(0) = 0 opm {2k, ux(0) = 1.

3. Ecam B (4) m (5) ¢yHROEE f; W a; EMEIOT HENPEPEIBHEIO
IpOU3BOAHEI® IO Zi, ... Zn, b (BOME3E 3Havennms p = 0) mo mopsap-
Ka m BRINYATENHHO, TO PEHIEHWe TOKe MMEeeT HEeNPEpHIBHEE IIpOo-
M3BOMHEI® IO [ [0 MOPAAKA m W, CIeNOBAaTENbHO, Pas3jiaraerca MmO
creneHsaM mapaMerpa i mo gopmyre Teitnopa:

z(t) = vo(t) +wor(t) +woe(t) + ...+ pumom(t) +ow™). (7)

3necs z u v; — n-MepHBI® BOKTOP-PyEKNEE. UToGH Hajitw PyEKOuEE
vi(t), MOKHO Da3NOKWTh HpaBHe dacTE B (4) m (5) mo creme-
HAM [\, IONCTAaBHTH TYAA pasio;keHme. (7) M LPHPaBHATH K0addn-
IMUEHTHl NpA OXHHAKOBEIX cTemeHsax W. IlomyamM cmcremy pugge-
PeHIWAJLHEIX YPaBHEHHIl, H3 KOTODPO# MOCIEJ0BAaTEIHLHO OIPEeJeNs-
1ores vo(t), vi(t), ...

B cayuwae, Korma f; m a; — aHanmTHYeCKEe QYHROEHA OT zy, ...
.. Zn, W, pemenne z () pa3naraeTcA B CXONAIIMACA DPH MANBIX WU
CTENEeHHONM pAf Mo B (B CEIY TeopeMsl 06 aHAJIMTHAYECKOH 3aBHCH-
MOCTH pemieHds OT mapaMerpa, cM. [4], ra. 1, § 6). Koadpunguen-
TH TOFO0 psfa COBHAfAalT ¢ xKoappuumenTamm pasiao:rends (7).
- W3nomemHBI# MOTOX MOKHO HCHOJNB30BAThH JJIA OTHICKAHHA pe-
menns pupdepeEqraI-HOr0 YyPaBHEHAs NPHA MAJBIX | B TeX CIy-
ganx, Korga mpm W = 0 ypaBHEHH® DEmAaeTCs H3BECTHHIMH Me-
TORAMH. '

IIpumep. Pasnokurh 1O CTEmEHAM mapaMerpa [ pemeHAe
3aa7A

2 =2a?4 2ut-!, z(1) = —1. (8)
Wmem pemenne B Bmge z(t) = wvo(t) + povi(2) + nv.(t) +...

IoncraBasaa oTo B (8) ® mpmpaBEEBag KoaPHEOEERTH mpH
OAUHAKOBBIX CTEIIeH IX |, MIOJYyYaeéM CHCTeMYy

l.)"=v§, vo(i)=_i’

v, =200, +27Y v (1)=0,
p,=20p,+ 08, v, (1)=0,

¢« o s o o B e e &6 s ® e s e o

U3 nepsoro ypasHemus W HAYAJBHOTO YCIOBHS HAXOMEM vo(t) =
= —t~1, TlopcTaBiAsT 3TO BO BTOPO® YDPABHEHHO, MOJYdYaeM

5y = —2- oy 267, v (1) = 0.
OTciona

U (t) = {—12
TloncraBnaa HafijeEHbIe vy M v) B TPEThe yPaBHEHHE, MOAYIaeM
U = '—21—103 + (i -— ‘-2)2, vz(i) - (.
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PemuB 3T0 NHHEHHO® YPABHOHHO M BOCIOJIL30BABMIECH HAYANbHEIM
yclnoBHeM, HalifeM v, (t) = 37 + 37 -3 Ciie[0BaTeIBHO,

pemenme 3afaud (8) umeer BHA

1 1 t 2 8 1
z(t)=»—7+u(1—t—2)+u2(§—T+3t_-z—,—3)+°(“2)'

9T0 pasioKeHHe MOKHO NPOAOJKATHL FAJBINE TEM . JKE CHOCOGOM.

AHAJIOrHYHEIM METOAOM MOKHO HOJYUYAaTh Pa3JiOKeHHsS IO CTe-
NeHAM IapaMeTpa NePHOAMYECKHX peImeBHii HeJHHEIHHIX ypaBHE-
HEil, B 9aCTHOCTH, yPaBHEHHH BHJA

i+a’z = pf(t, z, &, n), 9)

rie ¢yEKNmsa f mepmoguuecKas mo I. IlepexofuTh OT ypaBHEHHUA
2-T0 mopsAAKa K c@CTeMe IPA BTOM HE HYIKHO. IIpOM3BOJBHEBIE IIO-
CTOAHHEBIE, BO3AUMKAIOINA® IPH OTHICKAHHHA vo(t), v, (), ..., ompene-
IAKTCA y/KO He W3 HAYAJBHEIX YCJIOBHH, a U3 yCJIOBHIii NepmOANT-
Hocrm (cM. [4], ru. 2, § 8).

B cnywae, Korga mpaBasA dacth (9) me 3aBHCHT OT f, IepUONR
pemennsa z(t) 3apanee He m3BecreH. Torma B ypasiernm (9) Haxo
mepeidTm o0oT ¢ K HOBOMY HE3aBACHMOMY IIepEMEHHOMY T ==
= t(1+4 by + bop?+...) m HcKaTh pemenus z(t) mepmopa 2mw/a.
KoadpunuerT b, oOHIIHO OmpefeseTcs H3 YCJIOBHA CYINeCTBOBa-
HUSA TepPHORUIeCKOro pemeHHa mia vi(t), @ T. A. (cM. [4],
ria. 2, § 8).

4, Ecniu ¢ymrmusn f(zx, y) B OKPECTHOCTH TOYKHA (o, Yo) aHANH-
THYecKas, T. ©. pasjaraercd B DAX OO CTeHeHAM (z—Io) H
(y — yo), To pemeHue ypaBHeHHA y’ = f(r, y) C HaJaJBHHM yC-
noBHeM y(Zo) = yo TOMKE ABIAETCA AHAIATHIECKOH (PYHKIHEEH, T. .
pasmaraercs B CTEEeHHOH pAJX B OKPECTHOCTH TOYKH zo (cM. [2],
§ 18 m [1], ra. II, § 1, m. 6). AmasorEYEOe yTBED:H/GHHE CIpaBeJ-
JAMBO Ui ypaBHeHWs y(™) = f(z, b, ¥y ..., Y1) ¢ HavaABHEIMEA
yemoBuaMI Y () =Yg ¥’ (%)) = Vg » +oes y™—1 (2,) = ¥y,

Ilpmmep. HailtTu B BUJe paAfa pemeHme ypaBHEHHA y” =
= zy?—y’ ¢ HavauLHHIMA ycaoBmamm y(0) =2, y’(0) = 1.

Vmem pemenue B BH® PAMAA

y=a taztar?t...=242+ax?+taz*+4..., (10)
TaK KaK M3 BaJaJIbHHIX YCIOBHI CIeAyeT, 9To ao = 2, a; = 1. Iloa-
craBaasa pap B gaddepennuanbEoe ypaBHEHHE, NONYIAM
2(12 + 6031 + 1204$2 -I" cee =
=z(2+z+az®+...)2— 1 — 20,2 — 3a322 —...
[Ipeacrasnas mpaBylo 9acTh B BEAO CTONEHNOr0 pAfa M DDHPaBHM-
pasg Koa(punueHATH Ipd ONUHAKOBHIX CTENEHsAX z B 00enmx 9acTax

ypaBHeHH:d, NOIAYIAM 2a; = —1, 6as = 4 — 2a,, 12a, = 4 — 3as, ...
Orciona Ha@mgeM

1 5 1
@=—75, 6,=T, & =7 ...

ClrenoBaTeIbHO,
12,53 1.
y=2+z—2z +sz +gz+...
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5. lna ypaBHeHAR
Po(2)y™ + pi(2)y™=D + ...+ pa(z)y =0, (11)

y KOToporo BCe pi(z) aHAJATHYECKHEE .B OKPECTHOCTH TOUKHA I, B
Po(zg) = 0, T. e. Koa(ppEOMEHT mpm crapmei mpom3BORHON obpa-
Imaercsa B HYJb B TOYKe Zo, PEMIGHAA B BH[E CTEIEHHOTO PARA MO-
JKeT He CyMecTBOBaTh, B 3TOM ClyJae MOryT CymecTBOBATH pemie-
HHA B BAfie 0000MEHHBIX CTENeHHKIX PSJ0B

ao(z — 20)" + ai(z — )"+ - az(z — z0) ™2 4 ..., (12)

/e 9HCca0 r He o0sa3aTexasHO mexoe (cM. [1], ra. VI, § 2, m. 2, mam
[4], rm. 2, § 7). UroOBI mx HaiiThH, Hafo mojcraBETh pAX (12) B
ypaBaeEme (11) u, mpEpaBHAB K03((HIHEHTH OpH HAUMEHBIIei
crenend (z — z,), HAATH BO3MOKHEI® 3HAYGHHUs IOKA3aTeNA T, a 3a-
TeM [JIA KasK[AOro M3 3THX BHAYEHHHA r onpefeanTs Koahdm-
HUEHTH a;.

1056. Omerntb, HA CKOIBKO MOMKET M3MEHWUTHCSA IpPH
0 <z <1 pemenme ypasuenma y' =z +siny c HagaIb-
HeiM yeaoBmeM Y (0)=yo=0, ecam d9ucio yo H3MEHATH
Mmensmre, veM Ha 0,01.

1057. OnernTs, Ha CKONBKO MOMET WM3MEHHTHCA IPH
0<t<T pemenwe ypaBHeEWa MaATHEKa %+ sinz=0
¢ HavaasHEIMA ycaoBuamm z(0)=0, £(0)=0, ecam B
OpaByl0 4dacTh ypaBHeHHA MA00ABATH TaKyl (DYHKIHIO
¢(¢), aro l@(t)1 <0,1 (T. e. eciu MPUIOKUTH HEKOTOPYIO
BHEIIHIOI CHIY).

1058. Uro6sl mpumbam:keEHO HATH pelIeHWEe YpaBHe-
Bua £+sinz =0, ero samemmam ypaBHeHueM %+ z=0.
Omernts npu 0 <<X{< 2 BO3HHKAWIIYI OT 3TOro OMUOKY
B pemeHumH ¢ HasambEeIME ycaosmamu -z (0)= 0,25,
£#(0)=0, ecnm mssecrrO, uTo |z —sinz| <0,003 mpu
lz| < 0,25.

B samagzax 1059—1063 omemnts ommOKy mpuOIHIKEH-
HOTO pelIeHHA HA yKaiE!aHHOM OTpesKe.
1060. =z —y, y=tz, 2(0)=1, y(0)=0; =

~

t? 2
+t+'2—7 y=_2'a ltl<011-

4
5
1+

2

1061. y” — 22y =0, y(0)=1, y'(0)=0; y =€, |z| <
<0,5.

1062. y’=-:7+x, O =5y=1+2 0<z<.
1063. y' =272+ 1, y(0)=1; y =
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Vkasanmme. CHadaja BHIIGNHETH OIDAaHEIEHHYIO 00JXacCTh, B
KOTOPOii CONePHNTC UPHOIHKEHHO® PeIeHHe § M, NIPE/IONOMKE-
TeXbHO, TOYHOE pemeHHe y. Jna 3TOfl 00MACTH OLEHUTH NOCTOSH-
Hy© B ycurosmn Jlunmmmna, sateM omeEmETs |y — §|. C_momompio
a'ron ONEeHKHE IPOBEDHTH, CO®PKATCA JIH y B BhINEHHOHX obmacTm.

B sagasax 1064—1073 maiitu npomsBomHEIe mo mapa-
MeTpy HIA o0 HAYaJbHBIM YCIOBMAM OT peMIeHWil JaH-
HBIX YPaBHEHMil II CHCTEM.

1064. y' =y + pn(z +y?), y(0)=1; maiitTu =——

6u

1065. y' =2z + uyz," y(0)=p—1; mnaiitu

gPa p=0
1066. y' =yt y>+zy3, y(2)=yo; naiirn; % .
0 lyy=0

1067. Z—f =ﬁ + pte™™, z(1) = 1; maiitm ail —

dz 2 3 _ai_
1068. 7t = 2.+ wtz?, 2(0) =1 + p; maiditm P lqu.

op |u=o'

1069. [’”‘4ty’ z(0) = y (0) = 0; maiirn 2%

y=1+Spz,
2
1070. Ix_—xy+t, (1) =2, HafiTH Zi .
l2y=—2, vy =w ol
Vo=2
1071. {x—z+y, 2O =1+ HaiiTl aa_yl .
y=2z+pg?, y(0)=—2; o
1072. z — z = (z + 1)? — pa?; z(0) = ', z(0) = —1;
HaiTH ——,
W=ty oz
1073, z=+——, z(1) =1, z(1) = b; maiirm o

Yrazanmme. Ilpm b = 1 pemenneM CiIyKaT q)ynmma = t.

B sagasax 1074—1078 maiirm 2—3 wimema pasmoske-
HOA peNIeHUs OO CTeleHAM MAajioro Imapamerpa W,

1074. y' = 4px — 2, y(1)=1.
1075. y' == —5pz, y(1)=2.
1076. xy’—p,x2+1ny, y(1)=1.
1077, y’ ———y y(1) =1+ 3p.
1078. y’' = ev=+ ny, y(0)= —p.
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Haa ypasmenmit 1079—1085 ¢ momompio Meropa Ma-
aoro mapamerpa (cM. [4], ra. 2, § 8) maitrm mpmbamxen-
HO IIePHOMYIEeCKHe peIleHUs ¢ IePHO[0M, PAaBHEHIM HepHo-
Iy OpaBo#d dYacTH ypaBHEHWS; W — MAaJbId mapaMeTp.

1079. £+ 3z =2sint+ pa%

1080. &+ 5z = cos 2t + pz?.

1081. £+ 3z + z2® = 2p cos t.

1082, i+ x2=1+ psint.

1083. &+ sinz = psin 2f.

1084*. i+ z = sim 3t — sin 2t + pz?; malitm aEme Hy-
JeBoe IpUOIHKEHHE.

1085*. i+ z =06psint — x5,

B samazax 1086—1090 c¢ moMompi0o MeTomga MaJoOro
napamerpa (cM. [4], ru. 2, § 8, n. 4) npubamxenno Hai-
TI IePHOAWICCKHE PEHIeHNs JaUHbIX YPAaBHEHHH.

1086. i+ —22=0. 1087. £+ x4+ 2°=0.

1088. £+ sinz=0. 1089. i+ z=p(1— z%).

1090. i+ z=p(&—23).

B xampmoit m3 samaux 1091—1097 maiite B BEHEe cre-
OEeHHOTO psfja pelIeHHme, YAOBIETBOPAIIEe MAHHEIM Ha-
9aNbHEIM YCJIOBASAM. BEIYACIANTH HECKOABKO HEPBHIX KO-
spdumuentos pama (mo xosdpdunmenta mpm z! BRINOIA-
TEJBHO).

1091. y' =y%*—z; y(0)=1.

1092. y' =z + = y(0) = 1.

1093. y' =y +ze’; y(0)=0.

1094. y' =2z +cosy; y(0)=0.

1095. y' =22+ 4% y(1)=1.

1096. y” =zy’ —y% y(0)=1, y'(0)=2.

1097. y” =y +zy; y(0)=4, y (0)=-—2.

1098*. ITocrpoms Masopupyiomee ypasHeHEme (cM. [2],
§ 18), omeHaTH CcHE3Y PpafEYC CXOAMMOCTH CTeIEeHHOrQ
pAAa, OpPefCTaBIANIIEro pelieHne ypaBHeREa y =y?—zx
¢ HagaJbHEIM ycaoBmeM y(0)=1.

1099*, Onernars, ¢ KaKOH TOYHOCTHI0 MOKHO HIOJXYYHATH
opu |zl < 0,2 pemenme ypasmemus y' =e'— z%y ¢ Ha-
gaapHBIM ycaosmeM y(0)=0, ecim B cremeEHOM psafe,
OPefICTABIAIOMEM pelIeHHe, B3ATH TOABKO YeTHPe WieHA
(mo a4x* BRAOUIATENBHO).

B samagzax 1100—1109 maiitm nmmelino HesaBHCEMEIO
pelleHAs KajKAOr0 H3 JAHHHIX YpaBHEHME B BHJ@ CTEIeH-
HEIX paAfoB. B Tex caysasx, Korga ©TO IJIerKo CHenxaTsb,
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CyMMY IOJYYeHHOTrO pAfa BHIPA3UTH ¢ IOMOINBIO dJIEMEH-
TapHEX QYHKOWIL.

1100. y” —x2y=0 1101, y” —zy’ — 2y =0.
1102, (1 —2?)y” 4:cy —2y= 0

1103. (x2+1)y”+5xy +3y=0.

1104, (1 —z)y” —2y"+y=0.

1105, (22— z+1)y” + (4z — 2)y’ + 2y =0.

1106. y” —zy’+2zy=0. 1107. y” +ysinz=0.
1108. zy” +yln(1 —z)=0.

1109. y” —ay” +(z —2)y ' +y=0.

B sagavax 1110—1116 maiitu Te pememus MaHHBIX
yPaBHEHHUII, KOTOPble BHIPAKAIOTCA CTeNeHHHIMA (WiId
000016 HEBIMA CTEIeHHBIMA) PAJAMU.

1110. zy” + 2y’ +zy=0.

1111, 22%y” + 3z — 22?)y’ — (z+ 1)y =0.

1112, 922y” — (22 —2)y =0.

1113, 2% " — a:2y' +(z—2)y=

1114, xzy” + 2a:y — (22 + 2z + 2)y =0.

1115, 2y” —zy’'—y=0. 1116, zy” +y —zy=0.

1117, Haiirm ¢ TOYHOCTBIO [0 0 (z°) npn z —~ 0 peme-.
mame ypasEemma zy” +y’ — zy=0, aumeiino HezaBHCH-
Moe ¢ pelleHmeM, YKa3aHHBIM B orTBere 3amazm 1116.

B sagmauax 1118—1120 yxasars, mMeT JE JaHHEE
yPaBHeHUs pellcHAe B BHJe CTeNeHHOro psajga (mau 0606-
INEeHHOr0 CTeIeHHOro psAfma).

1118. z%y” + 2y’ — (z+2)y =0.

1119, 2% ” +ay’+(1 —2z)y =0.

1120. z%y” +(3z— 1)y’ +y=0.

B 3anaqax 1121—1125 paiitu B BHJE TPErOHOMETpHYe-
ckax pamos (eM. [1], ra. VI, § 1, n. 3 mam [4] ri. 2,
§ 7) mepmopmUeckue pelIeHWs JAHHHIX YPABHEHHI.

1121. y” —3y=f(z), f(x)=lz| wmpm lz|l<m,

f(x+2n)5f(x)
1122, y” +y’ +y=lIsinzl.
2
U2y —y —y=—fer “‘4";:”.

Yrasanmme. Paamoxenme B pax Oypre mpaBoit wacTe ypas-
[~}

perpa 1123 mMeer BHA 2 27" sin nz.
n 1
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1124, y” — n?y =f(z), f(z)=2z(1—2z) mpm O0<z<
<1, f(z+1)=f(z).

1125. Y+ 9y = 2 sin Zkz'

2
h=1 k

B samauax 1126—1129 ¢ moMompio MeToma JIOMAaHEBIX
ditnepa (c mrepamusamum wiu 6e3 mmx, cM. [4], ra. 1, § 6,
§ 7) maiitm mpuGiAMMKeHHO HA YKAa3aHHOM OTDe3Ke pemie-
HUA JAHHEBIX YPaBHEHWH ¢ YKA3aHHHIMA HAYaJAbHEIMEA yC-
noBUAMEA. BplamcaenWsa BecTH ¢ JABYMA WIH TPeMA JecA-
THYHBIMA 3HAKAMM TIocje 3amaroi ¢ maroMm k= (0,2 wim
h=01.

1126. y' =y*+z, 0<z<1; y(0)=03.

1127. y’=%+x,0<x<1; y(0)=1.
1128. y'=§—y,0<x<1; y(0)=1.

1129. y’ = 1<z<2; y(1)=0.

2
+ 1

B sagasax 1130—1135 ¢ momomplo MerToma Apmamca
mwin lrepmepa (em. [4], ra. 1, § 7) Boiumcants mpmban-
JKeHHO peIlleHWS HANMCAHHBIX HUKe yPABHEHWA HA YKa-
3aHHOM oTpesKe. Brrumcienmsa BecTM ¢ TpeMa B3HAKaMH
mocJje 3aNATOH. SHAUEeHAs PelIeHNs B HAYANBHEIX TOYKAX
BBITUCITUTH C TOMOIBIO CTEIEHHOr0 PAAA.

1130. —y,0<x<1 y(0)=1.

1131. y =y’—z, O0<z<1; y(0)=0,5.

132. y’ =%——x,0<x<1; y(0)=1.

1133. y' =22 —y?, 1<z<2; y(1)=1.

1134, y”" =2y, 0<z<1; y(0)=1, y' (0)=0.

1135. zy” +y’ + 2y =0, O0<z<{; y(0)=1,
y'(0)=0

3amauu 1136—1140 moxxmO pemuTh, cpaBHEBag Ha-
KIOH TONA HANPaBIeHMil (ompefelAeMOro ypaBHeHHeM
y'=f(z, y)) B TOIKAX HEKOTOPHIX KDHBHX Yy =Q;(x)
¢ HaKJIOHOM 3THX KDWBHIX.

1136*. OmennuThH CBepXy W CHH3Y pellleEHe YPaBHEHHS
y'=2+sinz—y% 0z <+ow, y(0)=1. (Ha mrocko-
CTH Z, § IOCTPOUTH HOJOCY O < Y <X P, I3 KOTOpPOi He Mo-
JeT BHATH TO pemeHmHe. )
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1137*. Ouenntb cBepXy W CHH3Y pemIeHHE YDaBHOHHS
y' =% + 2z, 0<z<+oo, y(0)=1.

1138*. Jlokasars, 4To pemenme ypaBHeHHA y = — Y2
C HAUaNAbHHIM ycloBHeM y (%)= 2 ymoBieTBopseT HepaBeH-
crBaM Yz — 0,07 <y(z)<Vzr mpm 4 <z < oo,

1139*. Ioxasars, 9ro muasa pemenus y(x) ypaBHEHHUS
y'=z—y? c¢ nHavaasEEIM YycaoBmeM ¥ (Zo)=Yo, Ife
z20=0, yo=0, ameem y(z) — Yz — 0 npm z — +oo,

"~ 1140*. Omennutsr cBepxy W CHH3Yy TO NepPHOTAYECKOE
pemenne ypasHeHms y' = 2y? — cos?5z, KoTopoe JeKHT B
obmacrm y <O0.

§ 19. HEJIAHENHBIE CHCTEMBI

1. Cucremy nuddepeEnEaIbHEIX yPaBHEHWI MOMKHO CBECTH MYy-
TeM HCKIIOYeHMS HEH3BECTHHIX K ONHOMY YPaBHEHHIO (MHOrga K
HECKOJILKAM YDaBHEHHAM C ONHON HEH3BECTHOH (DYHKOHEEeHl B KaiK-
mom). HogpoGree cm. [1], ra. VII, § 1, o. 2, mam [4], ra. 3, § 2.

IIpumep 1. Pemnrs cHCTeMy ypaBHEHHIA

, 3 , y—2)% 42z
y=71 2 =(T+- (1)

Pemenne. I/Icrmxotraeu z W3 NaEHHIX ypaBHeHmil. /I3 meppo-
ro ypapHenus mmeeM z = zy’. IlofcraBuss Bo BTOpOe ypaemenue,
IOJyduM mocie ynpomemm

By = (y —zy’)%

JlamBas cuctreMa ypaBHeHmi (1) mpmBefeHa K OJHOMY ypaBHEHHIO
BTOPOTO0 HOPAAKA. JTO ypaBHEHHE MOKeT OBITh DPEemeHO MOTOIaMHM,
w3nokeHHEsIMA B § 10 (myrem moHm:keHms mopsgka). Ilocie Toro
KaK M3 3TOT0 ypaBHeHHS 6yz(e'r HaliieHo y, ciefyer HalTH z, HOJb-
3yACh PaBEHCTBOM z = zy’.

2. Ilpm pemeHHn CACTEMH yPaBHEHHMil DyTeM HCKIIOUEHHS He-
H3BECTHEIX OOLIYHO HOJYyJaeTcd ypaBHEeHHe (0JIee BEICOKOTO HOPSJ-
Ka, DO3TOMY BO MHOTHX CIydJasdx ygoOHee pemiaTh CHCTEMY IyTeM
OTHICKAHHfA MHTeIpEpyeMHX KoMGmeEammii (cM. [1], ra. VII,
§ 5, m 2).

IIpamep 2. Pemurs cacremy !)

dz dy dz

xz ~ Yz —zy°

@

IlepBrie nBe ppoGm o0pasyioT 1lznrrerpnpyemylo KoM0OmHanuo,

dr dy

Cokpamas paBeHCTBO 7z =y W7 ¥ HHTETPHPYA, NONYIAM

') Cmcrema (2) 3anmcaHa B cEMMeTpHIecKoil gopme. O cumMmer-
pHYecKoi Q)opMe cucTeMHl guddepeERmaILEEX ypaBHEHMH cM. [1],
i VII, § 5, o 1, mna [4], rn. 3, § 3

7 A. ®. Ounuunon 97



liepsbii uaTerpan ')
z .
v =C 3
Yro0si MAUTH BTOPYI0O MHTErpADYeMYI0 KOMOHHAIHIO, BOCHOIL3YOM-
€fl CHOYONIUM CBOMCTBOM paBHLIX JpoGeii:
‘] az an
oo T— -—b— . =Z= t, To mpm JIOOHLIX ki, ko ..., kn

aMeeM
klal + kz“z + ..+ kpa, _
b + kb, + ... kb,
Hoemuaysce sTEM CBOHCTBOM, HmONy4aeM m3 (2)

y-dz - z-dy . dz d(zy)__ dz
y-zst2-yz2 - —zy 2zyz —azy’

d (zy) = — 2zdz.

CAORVBATONBHO,
zy + 22 = C,. (4)

O=epmno, nepBHi mHTErpan (3) m mepBHIi mHTEerpal (4) He3asm-
emMu. CmcreMa pemena.

Bueero Tord uro6bl MCKaTh BTOPYH HHTETPEPYEMYI0 KOMOu-
BAUED, MOKHO, BOCHOJH30BABIIACH 3HAHWEM NEPBOr0 WHTErpa-
Ha (3), HeKADOYATH B8 CHCTEeMHI (2) ONHO M3 HOHW3BECTHHIX, HaIpPHU-
wip, 5. M3 (3) mmeem z = Cy. IlogcTaBaAA BO BTOPO® M3 ypaB-

; dy _ _dz :
neami (2), morywEM = C1y2 . Orcioga —Cydy = zdz; 2=

== ——Cp? + C,. IlopcTaBasas ciofma BeipaskeEme mana C; m3 gopMy-
asi (3), BalileM eme OfME NepBHIA HHTErpan: z2- zy = C,

B samavax 1141—1160 pemwurr [gamHBe CHCTEMEI
YPaBHEHHIA.

2
41, y' = zi z = — 1142y_—z,z—y+1

W43, y' =3, &' = %L‘,“—

1144. v’ = y?z, 2’ = %—yzz.

1145, 22y’ =y —22+1, 2 =z +y.

146, 2 W & qyy W _ &
y— z vy =

z y z
; dr _ dy' _  dz
1148. il el
149, % 4y dz

—z  z+y+tz -y’

'y 'O uepswix materpasax cM. [1], ra. VII, § 4 mam [3], § 23.
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u z y
Mg, £ _ & du
y—u z2—2z u—y r—2z
152, & W _di yy5g &
2z Iz y z“—y F4 ¥
ﬁ_d_y_ﬂ dz dz_ﬁ_ dz
M54, =L =T 155, LY =
156, —% & _ &
z+y+2 y z
dz _ dy _ dz
157. z(y+z)  z(z—y) y(y—2)
158, — &2 ¥ ___ %
z zy — 22 zz
dx dy . dz
19, o = oy = T
160, — %= _ _ & __ &
YA T TIE S @D

B sagasax 1161 —1163 pgna gammEsix cucrem AxfHde-
PeHOUWAJHHBIX YpPaBHeHEH W MAaHHHIX QYHKOEHA @ Dpobe-
PUTH, ABIAITCA AU COOTHOIMeHUA (= C OePBHIMH HETer-
pajaMd 3THX CHCTEM.

dz  z°—t dy .
1161, 'd—t=—y—, d—t——x’ (Pl=t2+293!/‘ Py =
==$2—ty.
1162, =2y, j=2"+y% @ =zhy—2y; e =
=y—2»—21n:c.
x
dr dy  dz __ dn |
1163. 7——'—2‘—'—“—_—2_1 Q= pZ — us.

1164. IlpoBeputrh, ABIAITCA JI He3ABECEMMNMMN Hep-

Y _ o E=V
Bble HHTErpalbl itz Cy» P C, cucreMm
dr __ dy __4dz
z y  z°

1165*. Jloxasarp, 9T0 B 00IacTH, CofeprKalei 0cohy
TOYKY THIA y3aa miam QOKyca, JJIA CHCTEeMBI

dz dy )
'd_t—P(x,yL ’d_t'-'o(x’ll)
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He MOJKeT CYI[ecTBOBATH IIePBOrO MHTerpaja BuUja
@(z, y)=C c HempepsiBHO# ¢QyHKOEEH ¢, @ 7 const B
CKOJIb YTOJTHO MAJIOH OKPECTHOCTH 0CO00M TOYKH.

1166. IIycrs @i (¢, z, y)=C, @2(¢, z, y)=Cz2 — nep-

BBl HHTETrPajbl CACTEeMEI Tf =f, ¢z, y), d_!t/ = f, (¢, z, y);

¢yBRnEA fi, fo 1 HX HmepBHIe MPOHW3BONHEIE IO Z, Y HEIpe-
peBEEL,  llycTs B mpocTpaHCTBEe f, I, Y IOBEPXHOCTH
¢i1(t, z, y)=1, @2(t, 2, y)=2 EMeOT TOABKO ofHY 00-
myio jJueH0 (T. €. IlepeceKaloTcd WMJIH KacaloTca [ApPYr
apyra mo aToit amHMm). J[oKasaTh, 9TO 9Ta JAUHAA SABJIA-
ercs MHTEerpajJbHONR KPHUBOI JAaHHOH CHCTEMEI.

§ 20. YPABHEHHI B YACTHBIX IPOHU3BOXHBIX
IIEPBOT'O0 IIOPAIKA

1. Yro0B! pemuTh ypaBHEHH® B JaCTHHIX IPOH3BOIHBIX

0z 0z
alﬁ'-l—...—l-anﬂ-:b, (1)
1 n
rae ai, ..., @n, b 3aBHCAT OT Zi, ..., Tn, Z, HARO HANHCATH CHCTOMY
OOBIKHOBEHHHIX fiupepeRnnagbHEIX ypaBHOHAH
dz, dz, _ dz @
a tee a, b

¥ HaliTH n HE3aBHCAMEIX IEPBHIX MHTErPAJIOB STOH CHCTEMEI

A3)

P (Zyr e ver Ty 2)=Cp,
OGmee pemeHHe ypaBHeHEd (1) B HeABHOM BH/® 3aNUCHIBAGTCA

Tak:
F(@r, cory @n) = o, (4)

rge F — opousBonsaas pEddepernupyeMas PyEKImA.

B gactHOCTH, €CIH z BXONUT TOJHKO B OfMH M3 IEPBHX HHTE-
rpanos (3), HampmMep B HOCAefEHA, To o0Imee pemeHRe MOKHO
Hal@CcaTh M TaK:

Pn(Zty veey Tny 2) = f(P1y 2y Pn1), (5)
rie f— mpomsBoaszasn pgupdepernuapyemas ¢yHKnua. Paspemus
paBeHCTBO (5) OTHOCHTEJNBHO z, MOXYIAM o0INee pemieHHe ypaBHe-
nus (1) B ABHOM BHfe.

2. YtoOn1 HaWiTH MOBEPXHOCTH z = z(Z, ¥), YAOBIETBOPANIIYIO
nuddepeEquaIbHOMY yYPaBHOHAIO

0z 0z
al (-771 Y, z)a_z +a2 (11 Y, z) -‘3'!7=b(1'1 Y, z) (6)
¥ NPOXOAAIMYIO Yepe3 AAHAYI0 JHETIO
z=u(t), y=v(t), z=w(t), (7

100



Majio maiiTH Jisa 11e3aBHCHUMLIX LUEPBLIX HHTErpaja CHCTEMEI
o =, =% ®

B aTE mepBrie mHTErpaisl
?1(z, ¥, 2) =C1, @2z, y, 2) =C G

Hal0 HOJCTABHTHL BMECTO I, ¥, z MX BHIpa:keHua (7) wepe3 mapa-
Metp t. ITomyuaTcs gBa ypaBHEHHA BHJA

@, (t) = C1, @p(t) = Co. (10)

Hckarounms U3 Hux ¢, moxyduM cooTHomeHume F(C,, C;) = 0. Ilop-
cTaBUB cloia BMecTo C) a Cp JIeBBIe JaCTH HepBEIX MHTErpaios (9),
MOJIyYMM MCKOMOE pemmeHne.

B ToMm cayuae, korfa B oba ypasHenus (10) me BxopuT ?, TOr-
na gmaEa (7) ABAseTCA HHTErPaJbHON KpHBOil cmcTeMul (8), T. e.
XapaKTepHCTHKOi ypaBHeHHmsa (6), m 3asasa Homm umeer Oecko-
HeYHO MHOro pemenuit (cm. [1], ra. VIII, § 3, m. 4).

IIpumep. Haiitm o6mee pemenne ypaBHEHHS

0z 0z
zsz-—l-yza—y = — &y, (11)

a TaK)Ke HWHTerpajbHy 110BépXHOCTH, HPOXOAAMmMYl0 Yepe3 KpH-
BYIO
y==z% z=2d (12)

Pemenue. CocraBasem cmcTeMy ypaBHEHHII
dz dy dz

xz yz = —ay

¥ HaxOo[@M ee mepBble mHTerpainu (cM. § 19, mpmmep 2)

z 2
7 =Cp FH+aw=¢, (13)

CaegoBaTeabHO, 00miee pemeHue ypasHeHnsa (11) MOMKHO HamHcaTh
B HEABHOM BHJE

z 2
.F 7’ z +1y =0,

rae F — npou3BoabsEasg GyHKIEA. Tak Kak z BXOAHT TOJABKO B OJHH
u3 mepBeIXx mHTerpanoB (13), To o0lmee pemeRne MOKHO HamHCaTh
4 B ABHOM BHe. MEI momyTam

fpay=1(2) z=i1/f(§)— 2y,

rje f — Npon3BOJbHAA (PYHKIAA.

YroOb HaliTy HHTErpajibHYI0 HOBEPXHOCTB, NPOXOAAINYI0 de-
pe3 amemio (12), sammmeM 3Ty JIMHHIO B IapaMeTpPHIeCKOM BHAP,
HANpUMeD, B3sIB £ B KadeCTBe mapaMerpa:

z=z, y=2% z=2%
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Ilogcrasme atm BhipaskeEud B (13), momyumm
1
—_ 6 3 __

z =Cp ¢ +=z =C,.

WcknouaB z, DOXYIAM

1 1
— T3 =0C,
¢ ¢y 2

IToxcraBus BMecto C, u C; JeBble 4acTH MepBHX nHTerpanoB (13),
HaiiileM HCKOMOe pemeHue

] 3
(_z_) n (_y_) — 2oy
z z
3. O pemieHEM CHCTEMHI JBYX yPaBHEHUII B YaCTHHIX IPOHU3BOJ-

HBIX TIEPBOro MopsAfAxa u 0 pemeHmu ypasHennsa Ildadda cm. [1],
ra. IX,§1m§ 2,om. 1, 2, 3

Hdas xasgoro us ypasmenuit 1167—1188 maiitm 06-
mee pemienwme.

1167. y——xg;———O 1168. (x+2y)‘;—§—y§—;=o.
1169:c +yay+zaz—0.

170. (z — ) 2% 4 (y — z)a— +22 % —0.

",y +x———x—y 172, &2 +y2"‘ g;e”.

1173. 2:c—- +(y —-:c)a—y —22=0.
1174. zy——:c“‘ 0z = yz.
1175. x—+2y—=z2y+§.
1176. (z* + y2)— + 2a:y + 22 = 0.
1177. 2y42—-xy =% 1/22+1.
1178, z227$- + y2za—y =z+y.
1179, yzg—: —ng—: = ez,
1180. (z — y)zﬂ + :czg—; = zy.
1181, a:y — + (x— 22)%:— = yz.
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182, y o= +25 = L.

1183. sinzxg—i +tgz-§§—=coszz.

1184. (x+z)%+(y+z)§—;=z+y.

1185. (xz+y)%+(x+yz)g—zy-=1—zz.

1186. (y+z)% +(z+ x)g—Z +(x+y)%=u.
1187, x—%+y%+(z+ u)—g;=xy.

1188. (u—x)g—: +(u—y)%—z%‘:—=x+y.

Haittn pemenus ypasmemuit 1189—1193, ymosmerso-
pAIOImMYe YKa3aHHBIM YCIOBUAM.

1189. xg—;-—yg—;=0; z2=2x upn y=1.

17} 7}
1190. a—z+(2e"—y)a—;=0; z=y upn z=0.

1191, 2V—x--g—i—y—%=0; z=y? opu z=1.

9u
oz

1192, +Z—;+2%—=O;u=yznpnx=1.

9 9 9
1193. x%+ya—l;+xya—l:=0;u=x2+y2npn z=0,

B samagax 1194—1210 maiitm moBepXHOCTH, YXOBIET-
BOPANINYI0 MAHHOMY YPABHEHWI0O H HPOXONAIIYI0 depes
NAHHYIO JAHHUIO.

1194. yzg—:,+xy-z%=x; z=0, z=y>2

dz 0z 1,

1195. x——-——2y-5!7=x2+y2; y= z =22,

oz

a a :
1196. xa—;+y7;—=z—xy; r=2, z=y+1,
1197. tgxg—;+y—g;—=z; y==2, z=25

1198. xZ—Z—yﬁ—z=z'3(x—3y); z=1, yz+1=0.

dy
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1199. a: +yay—z—x2—y Yy=—2,z2=r—22
1200. az+x'a——xy, zT=a, y*+ z22=a?
1201.z%——xy-ﬁ=2xz; r+y=2, yz=1.
1202.z%+(z2—a:2)%;-+x=0; y=ux% z=2zx
1203. (y—z)—g%+(z—x)3—2=w—y;z=y=—z.
1204. xZ—i+(xz+y)g—;=z; z4+y=2z zxz=1.
1205. yz-a—z-+yz—a§-+z2=0;x—y=0,x—yz=1.
1206. xa +zay—y, y=2z x4+ 2y=az.

1207. (y+2z2)———2w‘3z%=z‘-’; r=1z, y=a%
1208. (x—z) +(y )ﬁ=2z; r—y=2, z+42zx=1,
1209. xy——-{—x?z* -—JZ, r=—2, y=7z2.
1210*.x-a—z-+y—6;=21y; y=ux, z=21%

1211. Haiitu ofmee ypaBHeHHe IIOBepXHOCTeil, mepece-
KaIOmX MOJ IPAMBIM YIJIOM HOBEPXHOCTH ceMeiicTBa

22 = Cuzy.

1212, Hajitu  mDoBepxHOCTH, MPOXOHAMYID  Tepes
npAMYI0

U OPTOTOHAJBHYI0 K HOBEPXHOCTAM
2+ y*+z2="Cxz.

1213. Hamucatrs ypaBHeHHMe B 4YacTHHIX IPOU3BOMHEIX,
KOTOPOMY YMOBIETBOPAIT NUJIHHIPUYEeCKAEe II0BEPXHOCTH
¢ o0pasynomuMu, mapajiieJlbHsIMu BeKropy (a, b, c¢). Haii-
TH o0Iee pelieHWe TOTO ypaBHEHHS.

1214, Ilonsaysce pesyabraToM DOpefbIiIyIied 3afadH,
HAWiTH ypaBHeHMe IWJIAHIPUYECKON MOBEPXHOCTH C 00-
pasyomuMu, mnapajieilsHmiMm  Bexkropy (1, —1, 1),
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N HampaBasIomeit
z+y+z=0, 22+zy+y’=1.

1215. Hammcars ypaBHeHME B YacTHHIX IPOU3BORHBEIX,
KOTOPOMY YAOBIETBOPAIOT Bce KOHHYECKHEe IIOBEPXHOCTH
¢ BepIIHOI B [aHHO# Touke (a, b, ¢), W pemnTs €ro.

1216. Haiitm moBepxHOCTH, y KOTOpHIX JJi0fas Kaca-
TeJbHAA MJIOCKOCTH mepecexaer ock Ox B ToUKe ¢ abcmumc-
COH, B/IBOe MeHBMIeHl aGCIUCCH TOYKH KacaHHA.

B 3amavax 1217—1219 pemurs HRaHHEBIE CHCTEMEI

ypaBHeHU

_6i_ z 0z z
oz~ z° 9z 4T &

1217. oz 2 1218 or N
oy Ty oy ~
Z—; = 2yz — 22,

1219. a
2z
dy :

B sagagax 1220—1223 maiitu moBepxHOCTH, YIOBJIET-
Bopsaomue KapHEEIM ypaBHeHuaM Ilpadda.

1220, (x —y)dz+zdy — x2dz=0.

1221. 3yz dx + 2zzdy + xzy dz =0.

1222, (z+zy)dz —(z+y?)dy+ydz=0.

1223. (2yz + 3z)dx +azdy + zy dz =0.



OTBETBI

15. f(z, y) = 0; f, < 0 (max), [, > 0 (min). 16. a) y = 22 +
+22;6) z=2chy; B) oy = —(1 —2N% y=0; 1) f +f X
Xfo=0.17.y = V'V 18, y' = 3y23. 19. =y’ = 3y. 20. y* +
4oyt =1. 21 2% —ay = yy'. 22, 2ayy’ — y* = 22° 23, y° =
= 4y(zy’ — 2y). 24 y' = coswv‘+y_’2 . 25, z(z — 2)y'’ —

— (@ —2)y’ +2(z — 1)y = 0. 26. (y'" + y'd2 = —p%y".
27. y¥'y¥(lny — 1) = y'2(xy —y). 28. 3y’ — 322’ + 6zy’ —
— 6y =0. 20, y"y’ =3y"% 30, (y — 222" + 1) = @* +
+ % 3wyt =@y —1). 32 (v — )P =2ay( + 1)
3. oty —2zy +2y=0. % (y+y 2=yt 418
35. yy' + 2z’ =0, yz—I—Zar:zz=:::2z2 36. 224 y?= 22 —
—2u(y —ay); sty =2 — 7y —ay). 8. by = —z
38, y¥y=—2y. 39, @+ yy =—z. 0. +yy =y—u=
@—py =ct+y M @FyVI=y+zV3 42 G F
Fy VY =yF32V3 4. QFy VI =y+2zV3.

1
44, r'sin®=r2 45. ' = 5rcigh. 46. 1 = rectg (0 & 45°).

47. z+ 29y’ = —3z— vy, Bz + 2y =y — =. 48. v [2zy +
i(z“—y”)]—y“—zzztzzy 4. z(1+y'h = —2yy.
50yy +ay?= —1.51.y = Clz + 1)e %z = —1. 52, In |z] =
C+ Vy¢+1; 2=0. 53, y(n|z2 —1]4+C) =1, y=0;
y[ln(1—12)+1]— 54, y =2+ C cos z; y=2——4cosz.

55, y = (z — C)% y—O,y=(z—2)3;y=0.56.y(1—-6'x)=
=1; y=0; yl +2)=1. 57. y® — 2 = CM* 58, (Ce-*'—
— )y =2; y=0. 59, ¢ =14 Cet. 60. z= —Ig (C — 10%.
6l. 2+ 12—2=C. 62 ctgr——=2z4C;, y—z=2uk
k=0; +1, +2,... 63, 2zc+y—1=Ce 64 =z 2y-+
+2=Ce¥ z+29+2=0. 65. VizF+2oy—1—

S 2
—2In(Viz + 2y —1+2) =z+C. 66. y= arctg 1——)+
+ 2a. 67, y=2 68.a) 22 +22=C; 6) 2+ 22 =C; B) ¥ =
=CcFH U, (Cxay=2a. 72 blay—y=+z-+C,
0<y<b. 73 alh@exVeE—PF VE—pr=2z+C.
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74,y = Cz2. 75. y = Cz?; y* = Cz. 76. r(1 & cos ) = C. 77. Ho-
amaecTBo asota (B amTpax) xz(f) = 20 — 4e~ /200, z(t) = 19,8 mpm
t =2001n 20 ~ 600 ¢ = 10 mun. 78. Koamgectso comm z(t) =
= 10?20, z(60) = 10e-3a2 0,5 kr. 79. O6pem CO, (B M%) z(f) =
= 0,08 + 0,22¢71% (1) = 041 wupm t=101n11 ~ 24 mma.
80, TemmepaTypa Teaa z(t) = 20-4-80 - 2-¥/'% z(t) = 25 upm ¢t =
= 40 mmu. 81, PasHocTp TeMuepaTyp BOAH I upenMmera z(t) = 55 X
X (3/5)%; z(t) = 1 npm ¢t = In 55/(In 5 — In 3) ~ 8 mmn. 82, Tem-

~ht
meparypa Meramza z(t) = a + b ; a (t _1—e ); z(60) =

3
=b— Lﬁ;k_"u ¢"**). 83. Cropocts (s Mlc) v(t) = (2/3)H/®7%
_ — — 6
v(t) =0,01 nmpm ¢t 4(1 5 + 1) ~ 50 c; myTs s= m

~ 15 M. 84, OcraBmeecs KoamdecTBo BemecTsa z(f) = z(0) - 2 0,
z(t) = 0,01z(0) upm t = 60/lg 2 ~ 200 gmeit. 85. OcTaBmeecn Ko~

amgectBo pamma  z(t) = z(0) - 1— 0 ,00044)%; z(t) = x(O) npn
t = (In0,5): In (1 — 0,00044) ~ 1600 mer. 86. Honnqecmo ypa-
Ha z(t) = z(0)e *, a = In 2/(4,5 - 10%; z(t) = 100, z =100 +
+ 14 - 33—0%=115,2; t=4,5 - 10° lgi 102 %970 - 100 er.
87. KoamgecTBo cBeTra, mpomiefmero 4epea cJIO# B z cM, y(z) =
= y(0) - 27%; y(200) = y(0) - 2747 ~ 0,02y(0); mormomaercs

t
100 % — 2 % = 98 %. 88. Cropoctp v(t) = 50 th—5, oyTh (B MeT-
t t
pax) s(t) = 250 In ch —-; s(t) = 1000 npr ch 5= At~ 54+
+ In 2) ~ 23 c. 89, Cxopocts v(t) = l/.;‘:. tg ]/E(c —t),g=
1 % i
=10, k=10,012, C = Vi arctg ;/- »(0) = 1,75; v(t) = 0 npm

t=C ~ 1,75 c¢; BHamboampmas BHCOTaA h = 2;: ( v2(0) + 1) ~

~ 16,3 M (Gea conpoTmBaeHHs Bo3fyxa t = 2¢, h = 20 M). 90. Cxo-
a/z — 1 —

pocthb v(t) = ‘/% th V/kgt, myts s(t) == Inch Vkgt; s(t) = h =

1 —
= 16,3 M opu t = —=In (" + 'l/e“‘h —1) ~ 1,87 ¢, v(t) =
Vk

= ]/-..';:— (1 — e'2kh) ~ 16,4 Mm/c. 91. Boicota ypoBHa Bofml h(t);

— — —r2

H—Vr=03V2et; nty=0 t=___ ]/
VE-V Va5t b npu Osrz i
~ 1050 ¢ = 17,5 mMumH. 92, (2R — h(1))3/2 = 0,45nr3'|/2g'17, h(t) =

2RH — —

=0 mpm t=g7=rs g§~1040 c. 98. VH — Vi) = &,

107



k—VH(i—v ) ht) =0 mpm t =52+ V/2) ~ 17 wmn.
3d2H?t
9%4. B — ()P = —gm V'2g; h(t) = 0 upm t = (4R%/3d?) X
X V/2HTg ~ 27 c¢. 95. OGvem pogst B Gake B amTpax z(f); ¢ =
29 q 2 4= -3/2 _
=Fln—_ﬁ/—;—‘;‘]/z, g=18,a=10 "; z(ty = 360 upm
t = 260 ¢ (nsa Gaxa Oe3 oTBepcTHs B JHE t = 2020 c). 96. Yiune-

I
HUe HIDKHETO KycKa JJIOHH z paBHO y(r) = 3 » @ BCero mHypa

kPl : -
y() = —5~. 97. Ha suicore h xu masrenne p(h) = e 0,12k (gr/cn?).
98. Cmna HaTs)KeHMsA KaHaTa Ha PacCTOAHEN ¢ (B PafHaJbHOU Me-
Pe) mo Ayre OT HadvaJbHOR TOYKH paBHA f(Q) = f(O)eq’ls; f(6x) =
= 10" ~ 5000 xI'. 99. Kommaecrso ocrapmeiica Bojsl m(t) =
k

= mg — v(g; — qo)(i —e ? ) k — xoadpdanmeHT mMpoOmOpPNHOHATIB-

mocra. 100. Hglcne CropaEds Macchl .‘BMTOI]JTHBa CKOPOCTL paKeTH
v(:c)—clnM i v(M—m)—-cln— 101. z + y = Cz?% z =
= 0. 102. In (22 + y?) = C — 2 arctg (y/.t) 103. z(y — z) = Cy;
y=0. 104, z = +y VI Cz; y = 0. 105. y = Ce¥™. 106, y* —
— 2= Cy, y=0. 107, sin . 108. = —z In In Cz.
109. In -: = Cz. 110, In Cz = ctg (7 In —); y=zel™ k=
T
=0, +1, x2.. 1M1, zlnCz=2Yzy; y=0; z=0.
M2, arcsin = =InCz.sgnz; y= 4z 3. (y— 22)° =

= C(y —.1,'—1)2 y==z+1. 4. 22+ y—1 = CeV™
115 (y—z+2)’+2.r C. 116. (y—z+5)5(z+2y—2)
= ey t2=Cz+y—1); y=1—=z 118, y+2

y+2
2 arctgx_3 ytz=z + =z c Ly — 2z
= Ce 119, In ——= zF3= 14+ — z 7 . 120, Sm"w'—__i_—_-'-1 =
=Cz+1). 121. 2?= (22— y)InCzx; y= 22 122, z=
= —y2lnCz; y=0. 123, 22ytIlnCa2=1; y=0; z= 0.

124, eV =1C¢C;, y=0; z=0. 125. (ZVy—x)ln[CX
X CVy—o1=z2Vy =z 126. 1—:cy—Cx3(2-|-.1:J) zy =
= — , 127 2V @z —1= —InCz; zy2=1; y=0-
128, arcsiny?—ln(;'x‘, |28 = y2. 129. 22y In Cy = 1; y = 0.
130. a) y2 = C(z + y); y = —z; 6) (v + 22 — 22)'= Cly — )%
y==z 131. y=C(z*+ y?. 132. 22+ y?2 = Cz. 133. Ilpm
.01?=1. 136. y = Ca® + A, i37.y—(2$+1)(C—I-ln|2x+
+ 1) + 1. 138, y =sinz + C cos z. 139. y—e"(ln|z£+C)
z=0. 140, zy'= C — In |z|. 141. y = z(C + sin 2)

—=C* —a?—1. 143, y=Cln?z—Inz. 144 azy= (a®+

-ml»
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—IA C)e %, 145. z=y2+ Cy; y=0. 146. z = ¢V } Ce V.
14, z = (C — cos y) sin y. 148. z=2Iny —y+ 1+ Cy2.
149, z2=Cy*+ 2, y=0. 150. (y —1)22=y — In Cy; y = 0;
y=1. 151, y(*+ C)=1; y=0. 152, y(z+ 1)(In|z +
+ 1 +C)=1,y=0.153. y 3= Ccos®zr — 3sinzcos?z; y =
= 0. 154, y® = C2® — 322. 155, y2 = C2? — 2z, . = 0. 156, y =
=a2tIn2Cz; y=0. 157, y2=2}25 4+ C); y=0. 158, 2=
=22—1+CYIz2—1]|. 159. 22(C —cosy) =y; y =0
160. zy(C — In2 y) = 1. 161, 22 = Ce?¥ + 2y. 162. y2 = C(z +
+1)2—2(z+1). 163, eV =Cz2+z. 164. cosy= (22 —
— 1) In C(z2—1). 165. y = 2 — 1. 166, y = —2¢%. 167, y =

2 4 2 1 1
=24+ = y=L168.y=F+——"  ;y=_—.169. y=
a:+C:c5—z v z 68.y x+C::2/3+4z y z 69. y
z . — — —_— =
=z+m, y1 z. 170. y x-|-2+ce4x_1, y=1z-+ 2.

171, y = e”—,—c+—c; y=¢ 172. 3z2=CV[y| —u% y=0.

173. zy = Cz® 4 2a3. 174, zy = a® 4 Cy2.-175. Uepes 20 mus;

3,68 kr. 176. Yepes 62 pua. 177. y = y, + C(y, — y,). 178. y =
¢

= tgr — sec z. 179. b/a. 180. b/a. 181, z(t) = f et (s) ds =

—oo
0 ®
= 5 f(z +t)dz. 182, y(z) =2 5 R T %- opE z — +oo.
—00 + o
oo
183. y(z) = S e—3—81n 8-Co8 (8+2%) 5in (5 | g)ds. 186, 322y — yb =
0

=C. 187, a2 — 32%y% 4 »* =30. 188, ze7V — 2= C.

5 .
189. 4ylnz + y* = C. 190, x+:—2+-!;= c. 191. 12+§—(x2~

— Y= C.192. 2 — yPcostz = C. 193. 3+ 23In y — y2 = C.
194, 224+ 1=2(C —2z)siny. 195, 2z + In (a2 + y?) = C.

196. z + arctgiy” =C. 197. VIiF @i =2y + C. 198, 223 —
— 322 = C. 199, y? = 2%C — 2y); z = 0. 200. (22 — C)y = 2z.
201, 2* + Iny = Ca% z = 0. 202. y sin zy = C. 203. £22+xy+
+In|yl=C; y=0. 204. —z + 1 = zy (arctg y + C); =z = 0;
y=0. 205, z+21n|x|+%y2—i_=c; z= 0. 206. sin L =

= e~ 207. In|y| —ye=® = C; y = 0. 208, 1n(iy‘.: ) =2y +

+C;, y=0. 209. 22yIn Cay = —1; z=0; y = 0; 210. z2
+y?=y+Cz; 2=0. 211, 22y + In|z/y|= C; 2= 0; y = 0.

212, 222+ (Mzy) = C; z=0; y=0. 213. In z""% |+

—i—ﬂ;—%’l=c;y=0; y= —2z. 214, sin?y = Cx — 2%, z = 0.
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M.y = Cluady. 206, siny = —( + 1) In O + 1),
217, wy(C — 22 — y?) =1; z=0; y=0. 218, y2=Ca:3e°°I#.
219, V71T F ¥2®) + ln(y+]/1+ 2/12)) c; z = 0.
20, B — Lyt =Cyyzy, c=0; y=0. 221, ) V=0, y =
= 2R/2, yo = (.1:2/2)— (x5/20) 6) yo——i yy=2% Yy =14 2% —
~a b= D) =1, n=1+ 2 =2 1)+
z + 22 ¥ yo——2n yl—-n-l-x, y2—2n+z+zcosz—
st z. 222, a) y 20=0; yy =22 zy=2—1; y,=
2t (5 — 1)Y2, 7, = (z3—1)/3 %) 25— 1. Yo =2 z, =
1+ 2, y1—2-|-t1'2-—1+2t—|-(t2/2)

ru/a:' B ye =1,y =1, yp =1+ 25 r)zo;
&y = 5 — 4t + 13, 223 a) —Oo<x<05 6) 0,8
x

B) 08 CtC1,2. 1) —0,1 <<t <01, 224, y;=
P2
YT

B) 252, y > 0. r)y+g+nk,k=o, +1, £2,... 1) z> 0.

y5.¢) x50,]y|>|z| 326. Ipr 0 < a < 1 B TouKax ocu Oxz.

228, a) 3, & y; Abue, ¥, =/=£2+ nk, k=0, 1, £2, ... 0) z, 54

z“ x3
T %*m‘
, lo — ys3] < 0,00003. 225. a) Bea miaockocTs. 0) y 5 2z.

#* —1, yo > 6, y; nwboe. B) Zo # Yo, Zo¥o >0, y:)%ov y;
rw6oe. 1) z.:/.-.ya, Yo #+ 0, y; aoboe. 1) ty ® y, mdo0kHe,

3% 0. € tg>—1, 750, yy 1. 229, a) Her. 6) [a.
230, a) Her. g) Her. B) Ma. 231. B caygae n = 1 Her pemenHii,
OpE n = 2 O{HO pemeHHe, OIPHE n = 3 GeCKOHeYHO MHOTO PemeHHI.
263, B ciyuae n = { Her pemenEH, ecnm tg a == f(Zo, Yo), X ORHO
pemreEme, eonm tg o = f(z,, Yp); B ciAydae n = 2 OFHO peINEHNO,
a Epa n > 3 GecKoHeuHO MHOTrO. 233. n > 5. 234, n } 4, 236. a) 3.

6)3.8) 4 1) 4 1) 8. o) 1. 237.3)0<a<1.6)a<21.n)1<a<

s%.r)—-_:-<a<0.24i.y=0¢i’. 242, 2= (z+ C)% y = 0.
MB, )t = (z+ €)% y=—3 264 (z+C2+2=1. y=
= 4. 5 yeF C)P¥=1; y=0. 246. y[1 + (z — C)?] = 1;
y =0, y={. 247, (y—z2=2C(z+ y)— C?% y=0.
M& (x— 1) 4 y13=C. 249, by = (z+ C)2; y= C&.

B0, M1 —y)=(x+ 02 y=1. 251, y= Ce* y= Ce™*+
+ 8 — 1. 252, 22y = C; y = Cz. 253, 22 + C2 = 2Cy; y = +az.
294, (¢ + C)P=4Cy; y=0; y=2.255. In |1 + 2} 2y — 2| =
=2+ Cx+ Viy—2); By=tda+1. 256, 4e VB = (z+
+MMB+C. 27, y=224+C; y= —a2+ C. 258, y = Cz~3 +
3V, 259, InCy ==z +22, y=10. 260. InCy =z +

4 sin z; y = 0. 261. arctgu—l-;ln [(x —D(uw+1)]=xz+

+ e u=1V1— (1/g®); y=0;y= +1. 262. 22+ (Cy +
bR =4 y=0. 263, (Cz+12=1—y% y= +1.
264, 20— C)} 4 242 = C% y= xz. 265, y= Cet® — z3.
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206. y? = C%z — C; 4zy? =— 1. 267. g=p3+p, 4y = 3p4 +
2
—I-p2+C 268, z——f-f,y=—_——-ln|p~—i|+

269 z=p) PE T 1,3y=0Cp 1) VEEF1+C. 270, 2~
lnp-l-(i/p),y—-—p—lnp—l—C 271. z = 3p* + 2p }—G'y
a—2p3—l-p y=0. 272, z—2arctEP+C y=la{d + p

Vet+1i— \
=0, 273, z=1n :I:—l —— | +3 +1 + 6,
] -V Ti+1 Vp
y=p+ @+ 132 y==+1. 2lh. 2=+ €, y = (p — 1)e%,

—_— 1
= —1. 275, z=:i:(2]/p2—1+arcsi-n—')+c, y =

=apV P =1, y=0. 276. x-i(lniﬂ
14+V1i—p

+3VTi—p+¢C y=xpVIi—p; y=0. 277, = -

=+2V/T+p—In(VpeE+1x1)+¢, = —p %

+pV 2+1 y=0. 27g by = (3 —2@z —C)%; 2y = #A

279.z=— + C; 5y = C2 — Z,xz—éy 280, +zp /2 €p —

=1, y=¢(1/21n0p——1— . 281. pzy — g* 1 p*

V2IncCp

v@2p+ C)=p% y=0. 282 y2=2cac—cmc 2z — 1

+ 21n |y|. 283. Cz = 1n Cy; y = ex. 284. zp? C]/ el =1,
y = zp — z?p%;, y = 0. 285 2p%z = C — C?*p?, py = €: 324°

= —27y%; y=0. 286. y? —2C3a:_-|- C% 27a%% =1. 281, y

= Cz — C% 4y = 22 288, sz=lnp+C v=V 4 -
—Inp—C); y=0. 289, z=3p2+ Cp~2, y = 2p% + 2p€ *.
y=20.290. y=Cz — C — 2. 291. C® = 3(Cz — y); 9y® = 4a*
292, z=Cp—1)2%+2p+1, y= sz(p_i)—z+pz; y =
y=z—2. 293, y=Cz—InC; y=Inz+1. 2% y

—_—_|:2VC:::+C y = —z. 295. 2C%y — Cz) = 1; 83 = 27+%.
206, 2pt=p+C, y=2+4+2Cpt—1lnp. 297. a) 4y — s
6) y=0,y= —4z; 8) y=0, 27Ty = 4a®, 1) y = 4x. 298, zy —
= 4a2 299, 22 + y2 = 1. 300. z = p(p% + 2)/(V PPt 1) y=
=p(Vp* + fmz= pI(VPEF 1% vy =@p*1)/(Vp* + 1.

301. y = z(Ce™™ — 1). 302, (C:c—{-i)y—C:c—i; y=41.
303, y@2—C)=1=z; y=0. 304, 2(C — 3) = z = 4y. 5.
yz+C)=z+1;y=0.306. z = Cy + 1% y— 0. 307.y = ¢;

y=C=+¢ 308, ylnCz= —z; y=0. 309. 2= C(s®* —1):
z= +1. 310. 2y = 2C(z — 1) + C% 2y = —(z — 1)%. 311, x —
=Cy+In?y 312. y=Ca2™ 3% 313, (z— 02+ 42 = €
4(y2 — z) = 1. 314, 4a?y = (z 4 2C)%;, y=0. 315. z = €Y -
+ 32+ 2y + 2. 316. 3y = 3C(z — 2) + C% 9% = 4(2 — »)%.
317. y2 = C(zy — 1); :cy—1 8. 4z — C)® =27(y — 6)2; y =
=z —1. 319, z4+y=tg(y—C). 320, By +73=C.
321, y(zy — 1) = Cz. 322.. N R i 4 N y’{"—
—2ln|y] y=0. 32, 3zy = C + 4a®/2. 385, yME&

=0 326. 2 =2z1InCy; y=0. 327. ln("-}- }—
-I-arctg (y/a:) C.328, (z — 1)y =z — In |z] + C. 320, C2et +
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+ 242 = 2C; 2% =1. 330. y(CV |2 —1| — 2) =1; y=b.
331. 2(Ce¥*+z+0,5) =1; y=0. 332, 2 —31 = C( +
4 1)@+ 1); 2= —1. 333. ysinz — _+ -‘/ = C.

334. 2 =3p2+ p71;, y=2p3>— In|p| + C. 335. 3y2 —2smz+
4 Csin~2z. 336. z(¢! + zy) = C. 337. z(p —1)2 =1n Cp — p,
y=uzp*+p; y=0;, y=zx 4 1. 338. (z+1)y—z2—|—zlnCz
339. 2+ VA Fi=¢C. 3%0. pz=CVp—1, y=lnp—
—CVp+1. 8. y==ztglnCz; z=0. 342. y2P* = C* +
+ (2/3) + (1/6); = 0. 343. z = CeSMY — 2(1 + sin p).
344: cy—— C2%™ + 1; y = 2652, 345, y2 = (2 + C)e*. 346, y =
=Cz—YO—1;, ¢ = (@2 £ 12 347, (P — 12 = > —
— 3y + C. 348, Vy—z— z=C; y=z. 349, zVy =
=sinz 4+ C; y = 0. 350. :c—4p——lnCp,y=3p—p,y.__
= 0. 351. 2—{-2:zzlnCy—O y—O 32, brt+y—3=
= 2 tg 2z 4+ C). 353. zy cos x — y2 = C. 354. 4Czy = (22t — 1.
355. zy(ln2z+C)=1. 356. 2y —22==zlnCzx; y= 22
357, (y2/2)— (1/2)— 2y = C; £ =0. 358. z = Cy? — y2(y + 1)e™ ¥
y—O 359, ylny —Inz—1)=2C. 360. 2=2p —lnp, y=
p + C. 361. 213—z22+ yr+z=C. 362. (y — 4z +
—I—2)4(2y-l—22:——1) C. 363. y® ——(C—.zs) sin® z. 364, p%zr =
smp—l—cosp—l—C py =psinp+2cosp+4 2C; y=0.
365. 22y2 — 1 = zy In Cy?; y—O 366. y = C cos z + sin z.

367, lzj = 1n ( +V1-I— )-I-C; z=20. 368, (y —z)®=

= 2C(z +y) — C?; y?3 — 223 =C; y=0. 369. 27(y — 2z)? =
= (C — 2z)3; y = 2z. 370, sin (y/:t) = —In Cz. 371. =z%(z%y +
+VIiFaH=cC 372 3Vyi=22—1+CYi—1];, y=
3 2 2
= 0. 373. x=I%—p——2—,y=c(;—-1)—%;y=z+2;y=
=0. 374. 2z + 3y — 7)® = C&T2Y, 375, (a2 + y + In Cy)y =
=a2;y=0.316. =2V +1—In(t + VpE+ 1) +In Cp,
y=pVpE+1; y=0. 377. y*=Cln®z+ 2lnz. 378, z=
= Cue%, 4y = C**™(2u? + 2u +1); 2 = 2y. 379. zy2In Czy =
=1; 2=0; y=0. 380. a«%sin2y=2sindy-4 C. 381, y="
=2C — C%z; zy=1. 382, ze¥ = ¢+ C. 383. sin (y — 27) —
—2cos (y — 2z) = Ce&T2V 384, y= 2z + OV + 1 — 2% —
—Czr—2. 385. (y+ 232 2y —at)=C. 386, (z—1)2=
=24z —InCz); y=0. 387 z=pln(d+ VpEE+1)—
‘~InCpl, 2y=2p— VYp*+1; 2y=—1. 388, (y+ 3z +
+ Ny —z—1)3=C. 389. smy—ce"-l-z—i 390. y =
=Cz—C)% 16y =2t 39, 2=z — (z+1)InCx+ 1).
392, &/ =a2InCx. 393. (y— 22y — 2)2Vy — 22+ 2) =
=C.3%. z2=1In22 —In Cy; 2 =0, y = 0. 395, z(y% + 2?3 =
= %’y‘- + %‘z"‘ys + 22%y + Cz% z = 0. 396, (v — 1) In Cz%u —
—1)5u 4+ 2)t =3, e ud = (y?/a?) —2; y® =322 397. Yy =
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=\z2 — 1)@ Inja2—1] +C); y=0. 398, 22 — (z — 1) In (y +

+ ) —y=2C. 39, tgy=2a24 Cz; y= 2k + 1)n/2, k=0,

+1,1 +2,..4400, 2= Cz2+ C2. 401. a8 = Ce¥ —y —2.

402.¥y +1=zInCly+1); y= —1. 403, y* = 2C%z — C);

8z% = 27y2. 404, z“—ys(C—ylny-l-y), y=20. 405, In C(u —
2

— ) u2+uv+ —2arctg2 v’ e ud =y, v¥=uz;

y? = 23. 406. (y—-1)2=1:2-|—Cz. 407. (=2 + )(Cz + 1) =
408. 3z+ 3P —1=tg(3z+ C). 409. (C —z®) V¥ + 1 = 2z.
410, (z2+y2+1)3—4x2+c M1, zy—z=yly —2) X

XIn|Cylly —2); 2=0, y=0; y==z. 412, y = %z ch (z +
4+ 0); y= xaz. 43. 1/y2+1_z(ce —1). 44, (y —2) X

xlnc”;—"——i=2; y=z. 5. (C& + 22+ 2 cosy=1.
416, (12— Cx2+ 12 =41 — CO)y?%; y = *z. 47, 2+ 2y —
— 1=, 418, 6yt + 258 + 322t = C. 49, z + % +

+ 2 —2y+2=0CeV; z=0. 420, e¥(C%2? 4 1) =2C; 2=
=e™ 42, Cz—Cly=I|Cz+1l+Cy2y=22+C; y=
= C.422,9C}y — C* = 4(Cyz + 1)% y = £z + C. 423. Cyy® —
— 1= (Cix+ Cp)% 424 y* = Cyz+ Cp?; y=C. 425, y=

= C, tg (Ciz + Cy); 1n|§fl'_c =2Cz+ Cy y(C—2)=1;
y = C. 426. Cly—"ism(clx'l‘cz), Cyy= tsh (Ciz+ Cy); y =
=C+z 421, y=C(z—e®+C,. 428, y=C3— (z+
=+ C) In Cy(z 4 C)); y = Cyz + C,. 429 y—l—C%ln|y =z 4

Cp y=C. 430 2y = C,cos 2 + (1 + 2C))at + Caz + Cy.
431, y—01[1+ch (z+c;2)1, y=Cet™. 432, z=Cp + 3p%
y——p°+ 1 CPt ekt ey y=c y—clg—-

— ciz + cz, y = (25/12) + C. 434, &+ c1 (z + Cy)*. 435,

y=Cyz+2)e* + Cpz + C;3. 436, y = +ch (z 4 C,) + C,.
437, ¢¥sin?® (Cyz + Cy) = 2C}; e¥sh? (Cyz + Cp) = 2C3; ez +

3 2
+C)2=2- 438. y= 011—03£+021+03; y=3_i;—58x
X ZV3z b Cio+ Gy 439, 30w = (e — G + Cyi ¥ = Ci y=

= C — 222,

440. ln\y2-|-01+'[/y4+26'1y2+ 1] =2z + Cy y = L.
44, z=3C;p> +InCyp, y=2Cp*+p; y=°C. 442, z =
=Clep—2p-—2 y=Cyp — 1) — p2 4 C,. 443. 12(Cyy —
—2)=Clze+CP+C;. Wb y=CzVYPF—1—In|z+
+ V& —1) + 22+ Cy; y = Cy(cV/1 — 2* + arcsin ) + 2% +
+ C,. 445. lny— Cytg (Cyz + Cy); In|(In y — C;)/(lny+ C)l =
= 2Cz + Cy; (C—2z)lny=1; y=_~C. 46, z = u —

—In{t+ul+Cy tne u=+V 1+ 4Cy; y=C; y= Ce™™
447, C%y = (C32* + 1) arctg Cyz — Cyz + Cy; 2y = kna? 4 €,
k=0, +1, +2,.. 48, z=In|p|+2C;p—C;, y=p +
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+ Cip2 + Cy; ¥y = Ciz + Cp. 449. C?y+1=j:ch(Clz+¢,);
Cly—1=sin Gz + C; 2= (e+ OP y=0. 40 4=

cos ( ) 451, 6y = 28 In |z] + Cy2® + Cgr® +
x

+Cz+ Cp G52 y=2z %3 dt + cosz + Cyz + C,. 453,y =

0

o0 2 x
*x 2 t
= [35 e’ at —’_2.]+ Cqz + Cy. 454, y=12. ‘_t dt —‘#.q.
0 1
+ Ci2® Inje] + Cy2? + Cyz + C,. 455. Cyy® — Cy = Cl(z + Cy)%;
y=C.456, Cy=1n|Ciz + Cil +C5, v = Ciz + Gy, 457 Cyy —
—1=CyC% y=C—1z; y=0. 458. y=x +V Cz F
+Ca.1:-|-C4, y= Clx2+C21+Cs 49. y?=2*+ Ciz + C,.
460, y = & lz(clj "oz c o) — 1461y =C, tg (Cy In Cyo);
Cly+ Ozl =y —C;; ylnCzx= —1. 462, y=4C, X

y
X tg(cl"l:2 + 02); 21n y_l_cll = Cl-’t‘a + Cz; y(C — $2) = 4, y=

=Cy—1n

= C.463.y = cgec" 464.1n Cpy = 4% + Cyz;y = 0. 465, y =
_Cz(x-l-'[/a:z-l-l)l 466, y2 = Cya® + C,. 467, y = C,ze~C1/®,

z [V
468, y = C,|zlC1-t/Mnixl 469 o — C, ’+Cl i y=0C y=

2 1 2
= Ce~V*, 470, y1t = , z—C—)lx +C%, y=C. 41,y =
1
= Caz(In 6'1293)2; y = Cz. 472, Inly|=Inl2? — 2z + Cy| +

dz
+j(z—1)2-|-0 _1—1— Cy;, y=2~C. 473, 4C2 =4zt z X
1

X (Cy1n Cyzp. 474 y = —z1n (Cy1n Ca); y = Ca. 475, <=

1
=C,—3ln|——C|, y=Cz. 416, 2% = C, tg (C; In Cy2),

Cy(z?y + C,) I:cl Cr = zy — Cy; z%In Cz= —1. 477, 4(Cyy —
— 1) = C2In? Cyz. 478. Cy = 32(CaaC + 2); y = C32; y =
= —253/2 ln Cz. 4719, 2C,a%y E (Cox — C))2—1;  zy = +1.
480, 2C,C,y = Cla" T 4 1oL 501, (3 — 2)° = 8(= + 2).
502, y(z+2)=—z—6. 503. (1 —Inz)’y =22 504 y=
3

= 3 th? ’ — 2. 505, In tg(-%- + %): 2z + 2. 506, a) 4(C,y —
— 1) =2 (.1: + €)% 6 y V(Cily)— 1 + €, arccos VylC, =
- - cos | £ _ P

= Cy & z. 507, y = C; — k In-cos (I +C1)' 508. y —ﬁz’-]-

+ Cyz 4+ C,; p — Harpyska Ha e[JWHHANY JJHEH IOPH30HTAJIBHOL
npoexnuu, I' — ropm3oHTaJbHAA COCTABIANIAA CHIH HaTAKEHAR

114




gara 509. ay = ch (az. 4 C,) 4 Cy; a = ¢/T, ¢ — Bec epmanOH
mames BuTH, T — oM. oTBer K 3afiade 508, 511, y = Cye® -+ Cpe %%,
512, y = C1e™% + Coe3*. 513. y= C; + C,e**. 514. y= C,e** +
+ Cpe®™? 515, y= ¥(Cycosz + Cysinz). 516, y = e *X
X (Cycos 3z 4+ C,sin 3z). 517. y= C, cos 2z 4 C4 sin 2z. 518,
y = Ce®* + e¥(Cycos Y3 + C3sinz V3). 519. y = C,e* +
+ Cye™ i+ Cycos z + C,sin z. 520. y=e¥Cycosz +
+ C, sin z) + e~*(C, cos z + C, sin z). 521, y= V3 x
X (€ycosz + C,sinz) + Cjcos2z + C,sin2z + V3 %
X (Cycos z + Cysinz). 522, = e%(C; + Cpoz). 523. y=
= ¢*2(C, + C,z). 524 y = C; + Coz + Cy2® + 3%(C, + Cy2).
525, y = C; + Cype® + Cae™™ + C,6%* 4 Cye™%*. 526. y = (C; +
+ Cy7) cos z + (C3 + C,u2) sin z. 527. y = €¥(Cy + Cyz + Csz?).
528, y = €X(Cy + Cp7) + Cye™™. 529, y = C16° + Coe™™* + Coe® 4
+ €. 530. y = C, + (C, + C32) cos 2z + (C4 + Cj2) sin 2z.
531. y = €*(Cy + Cyz) + C3¢™%*. 532. y = Cjcos z + C,sin z +
4 Cycosz Y3+ Cysinz V3. 533, y= Cie* + Cpe®* +
+ (1/5)e**. 534. y = C, cos z + Cg sin z + 2z — 2)¢*. 535. y =
=Ce*+ Coe™ + 2e* + 22 + 2. 536, y= Ce* + Cpe 2 +

2
+ ("T + %) e*.537. y = C1e® + Cqe*® + 0,1 sin z + 0,3 cos z.

538. y=Cycosz+ Cysinz —2zcosz. 539, y= Cie®+
+ Cpe®® — (222 — 2z + 3)e?*. 540, y = C1e® + C¢*® + (0,12 —
— 0,12) cos ¢ — (0,3z + 0,34) sin z. 541, y = Cle: + aCae‘“’_.
z
— e - (_+%) e, 542, y=C,e® Coe™* (:_2—;:—6-"3%) e®
543, y = € (C; cos 2z + C, sin 2z) + 0,25¢** 4+ 0,1 cos 2z +
6 1

40,05 sin 2z, 544, y = C,e%® 4 Cpe™ 34 3% (3._7 sinz — 5 cos z)

545, y = (C, + Cyz + 28)®. 546, y = (C —Zz-)cosz+(0 +

+ -Z—)sin z. 547, y = (C; + Cyr)e™ +(1£6_3_12)ezx' 548. y =
=C, + C® — 0,223 — 0,122 — 0,048z + 0,02(cos 5z —
—sin 5z). 575, y =€z In|z| + Ciz + C,). 576. y = (e7* +
+ e 2 In (e + 1) + Cre™* + Cpe™2*. 577. y= (C; +
=+ In |sin z|) sin z 4 (Cy — z) cos z. 578. y = sin 2z In |cos z| —
— z cos 2z + C, sin 2z + C, cos 2z. 579, y =e~* (_5.(z+ 1)5/2

. cos 2z
+ C, + sz). 580, y = C;cosz + C,sinz — o5z Bl.y=

1
= —— + C1e"+ Cpe ™. 582, y = (7 —32)e*"2. 583,y = 2cosz —
—5sinz+ 2% 584 y=e2"1_254+¢—1, 58, y=
= ¢ ¥z — sin z). 586, y = 2 + ¢ . 587, y = (z — 1)(e?* — 7).
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588 y=zxz—zsinz — 2cosz. 58). y = Cya? + C,a® 590. y =

= C,2® + Cyz'. 591, y = 2(C; + C;In |z| 4+ C; In? |z|).
592, y = C1 —I— Cz In jz] + C32®. 593, y = z(C, + C, In |2]) +
+223, 4. y = Cycos (21n[z]) + C,sin (2 In le) + 2z.

595, y=clzz+i cz_Elnz—lnzz. 596. y = 2* X
X (Cy cos In Izl—l-Czsmln |z|-|— 3). 597. y= C;z*+ Cyz 2+
—|—:z:3lln|x[l—2:: 598, y = C2? 4 Coz7 '+ 01 coslnz —
— 0,3 sin In z. 599. y'—-(z—2)(Cl-|—Czln|z—2l)+:c—15
600. y—Cl(a:-l- )+c| +3| +c| +3| . 601, y =

2\ 1—=z 1+z
— z x ) — 3% __ %
(Cl+02z+4)e + . 602, y = 6 6 +

3
+ (fé+ Cz+ Cz) e, 603. y = Cre ™It [, + (1 — 1)2] X
X (A=Dx _ (Q+i)x 604. y = (222 + Clz + Cz)e_ix —eix,

605, y = Cle(ﬁ'{-i)x + Cze(’l—l/§)x_|_ (Cs 5 —21x+ 3_2 o21 x

606. y=c_;+[02—.%.ln(—z)—l-_;_lnz(—z)] 2. 607, y=

=(C;+ Caz+zln |z|)e‘x+xz1ex. 608, y =% [_;.+
-l-((,‘1 —.%) coszz+(6'2+ %+.% In |cos z|) sin 2z]. 609, y =
=z’lnzc_'|1_zi—--;-+i—_:.lnc,(z+l). 610. y = z[C, +
+(C,+ln|lnz|)lnz]+1-';:nz. 611. y= C,cosz+

x x

+ Cysinz + j' sin (z — 9)f(s)ds. 612. f f(s) cos sds m f f(s) sin s

—y=0. 614. — 4y’ + 5y = 0. 615, yIv +2y"+

616. yIv — 4y”’ + 14y"" — 20y + 25y = 0. 617, y'"' — y"’
—y +y=0 618, yIV 4+ y"'=0. 619, a=0, b>
620, ¢ >0, 5b>0.621. b<0 mmm b>=0, a > 0. 622 b>

a<< —2V/b. 623, a®<<4b. 624. a>2, b>a—1. 625. @
(5 — ©%) sin 0t — aw cos ot
(b_m2)2+a2m2 ’

]
ds orparmqenm n}m z — +}oo. 613. y''' — 3y 2 43y —
= 0.
0.
0

=2)b. 62. o5 £k 627. 2 =

1
ammaaryma A = V(b—T)z—l-az—z’ max A JOCTHTaeTCst
eimt
oprn 0® = b — -T 628, z = m 629, z(¢) =
A (t—8) A (i—3) -
=S e _—e? f(S)ds=5 f(t—»)dz, la(t)] <
A=A, H
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< —. 630. 2 ‘/'Z . 631. B caywae h? > 4km z ='2:%(e(—“+?)t —_

2
— V) g — 2—’;, y= l/h_zjk_m_ B cayuae h® << 4km
m
T 2
a:—v"e ! sin Bt, a_thn,ﬁ—l/%”’:T__h- 632, z(t) =
2
b(k—mm)sma)t—bhcocosmt 633.4 = s. 634z =
(h — mo®) 4 KPe? k —mo

B,

=4 —2cost. 635, I=%(1—e L ) 636. I—ﬁe-”ﬂc
637. 1= pseRC 638, 1= 0—)& e—RU2L gin ot CR® < 4L,

—_— 14
VicL —R:c? : N A—
T 639. I = A sin(ot — @), 4 = VRz_l_msz

g = arctg O, L 640, I =4 sin (0t—¢), A = _V__i__m
2 -
]/R -l-(mL—mc) '
1

Vv i
¢ = arctg ——p—; max4d = mpm @*=7p. 641. Her.

642. ITa. 643. Her. 644, Her. 645. [la. 646. Her. 647. Mla. 648. Her.
649. Her. 650. Ja. 651. Her. 652, [la. 653, la. 654. a. 655. Her.
656. Her. 657. a. 658, Her. 659, [1a. 660. Her. 661. [la. 662. Her.
663. a) Her. 6) Her. 664, JImueitno HesapmcEMH. 665. MoryT GHTB
JMHEAHO 3aBACHMH HJIH HesaBECEMH. 666. a) W = 0; 6) Emgero
Helb3sl cKasaTh. 667. JIMHellHO He3aBHCHMEH. ¥ paBHeHHe He Y[OB-
JeTBOpsAeT ycaoBuaM TeopeMu. 669. IIea. 670. a) —1 < z < oo.

® =

3 5
6) <z <3 671. a) Moryr upz n > 2. 6). Moryr upz n > 3.

672. n>4. 673. n>2.674. y'' — y' ctgz = 0. 675. (x — 1)y''—
—zy' +y=0..676. y''' —y'"’' =0. 677. (22 + 6z — 9)y"’ —
— bz + 6)y' + 4y =0. 678. y' —y=10. 679, (22 — 2z +

+ 2)y""" — 2y’ + 22y’ — 2y = 0.K680. 22%y’'i— 32y’ + 3y = 0.

i 1
681, y = Cyz + Coe ™. 682, y = 01(1 + ;) +c, (—§—+1—

z ! Inlz-+1 |).-683. y = e5(Cya? + C,). 684, zy = Cye ™ +
+ Cpe®. 685, y=C,tgz+ Cy(t +2tgaz). 686. y= C,(1+

c
+ zlnzf) + Coz. 687, y = Cy(* — 1) + = 2 688. y =

= Cyz + Cy(ln z 4- 1). 689. y = C,sinz 4 Cy(2 — sin z X
x In 1 "‘5"”) 690, y = Cy(z — 3)+ :_'lz_ Ly =t
+ CyBz +1)e*. 692, y = (C; + Cyz)e™. 693. y = C,(2z +
1)+ Cpe®™. 694, y= Cy(z+ 1)+ Czt. 695, y = Cy(z+
+ 2) 4+ Cya. 696, y = Cy(z® + 2) + C,a°. 697, y = Cy(a? + 1) +
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+ C,lz + (2 + 1) arctg z]. 698. y = C; Viz| + Caylz — 2).
699. y = Ciz + Cp* + Cie™™. 700, y= Ciz+ Cyz™1+
+ Cy(zIn |z +1). 701, y = Ciz 4 Coe™ + Cy(a? — 1). 702, y =

— Cz 4 2) + %+(i+1) lnz+ 5 703, y=C,@z— 1)+

+cze'°°-|—f2_+_1. 704, y—z+1+ 1+x 705. y =
=C,(a:3+1)+029:1+2z 706, 2’ +z2=0 2 — =
=0.708, 2/ = 0. 709. 222" — 2z = 0. T10. 4a?z"’ + (4;2 + 1)z =
= 0. 711, yu—y—O 712, yu-l—y——O 713, (2 —‘.l)y“

—2y=0. M4 y;,+y=0. 715, 8y;, + 3y =0. 6. y =
=1-F Ci(z —1) + Cy(e? —1). M7, [p(&)dz > +-oo npm
z—+oo. 719, Ha mpamux y=0 m z =z, 1he ¢(z;) =

720. a) Her. 6) Ia. 8) Her. 1) Her. 726. 1/ Vm; [(b — a))/m/n]
HyJe#l UM Ha OfHIl OoJbie (KBaApaTHEIE CKOOKM 0003Ha4amT ILie-
aywo dgacte gdmeaa). 727. 0,33 < d < 0,5. 728. 15,7 < d < 32.

729, 0,49 <d <1. 730. 045 <d <12 7. uy+ (x1+
- dz
u=10,t=|—=s, y=1u.
+ V) 5(«4» V=Y

B Tex m3 orseroB 738—750, rme pemenHme y, He yKa3aHO, OHO
moJiyJaeTcsl M3 y, 3aMeHO# cos Ha sin.
3

738. y, = %cos% + 0(/zh). 739, y, = x4 4

+ 0(z™?). 740. y = —i; cos 2 + 0(z™"™). 741, y, = e */*cos ex+-

+ 0. TR gy = ae Yz + 0, 8. Y=
'x3/2
= z'll‘ei (1 + 0(z=3)). 744, y, = z~°/4 cos 2Vz +

+ O(z~%4). 745, y,= € 1)’/2[(23)—114 cos &%)~ (23) +0(z —7/4)]

746, y, = é—cos 5+0 (':7) 147, y1, = 2 2VEAU + O(z7%).

748, y, = Vﬁ [cos (i In’z ——% In In z) +0(In~? z)]
ﬂ

_ 3 105 6
749. yy,, = [1 + 32z 2'+2048 4+0( )] 1/2 . 750. y, =

= .1:1/4(1 + 6—2—) cos (2 Vz+ 1—6—31/—;) + O(z-514). 751, y =

= (shz/sh1)—2z. 752, y=z + e —el 753, y= ¢ —2.
754. y =1 — sin z — cos z. 755. Pemeunit ver. 756. y = 2z —
— nt 4 mcos z + C sin z, C — npoussonbHoe. 757, y = —2e %,

758, y= e * — 1. 759, y = —e("17V% 760, y = 243 761. y =
= 3z%. 762. y= —z8. 763. a= (2n — 1)2n2, n=1, 2,3, ...
764, G=(s— 1)z 0<z<Ks), G=s(z—1) <2<,
765. G=sinscosz 0<<z<s), G=cosssinz (s<z<<Mm).
766. G=¢c'"—1) 0Kz2Ks), G=1—¢" (<K<z<1)
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767. G= —e"%hzr 0<L2<Ls), G= —e*chs (<z<L2).
768. G=_§.sinlx—sl. 769. 6=1_1 1<2<y, 6=L_1
x S
2 __ 4 2__ 4
<z<3). 770.G=s,282 (1<x<s),c=¢232 <<

3 3
<2. M. G=13_3z A<z<s), G=1;38 < z<2).
S T S T

772, 6= —z (0<2<<s), G=—s (s<2). 7718. G= —1 0 <
z<KLs), 6=—"* sz < o). 74 G=—-lnz 1<z
<9, 6=—lns (s<z < ), 775. G=-§—e’(e—3x—-e—x) 0<

1

Sz<9), G=753 —e¥) <z<o). 776 G=(1—
— )2 (1<z2<Ls), G=(1 — 2% s <Lz < ). 777. G =
=z(3 —1)32 (0<z<Ls), G=3s>—1)32 (<Kz<1).
778. G = —(1/2)e™ =8, 779, 6= —2238 (0<z<59), G=
=13z (s<z < o). 780. a2, k=1,2,3,..

m m m

781, —3S¥Y<0, — e vy <3—z 782, A, = —k2n2/12, Yp =
= sin (knz/l), k=1, 2, 3, .. 783, A, = —km¥B, y, =

1\2 n2

= c0S (kﬂZ/l)t k=0, 1, 2,... 784, A.’h = —(k -“-E-) F.yh=
o 1\nz , __ . k) 1 _
= sm( ——2-)7, k=1,2,3,... 785. 7‘h"’ — (m.) —5 Y=

— . knl

= VEsinT g k=1, 2, 3,.. 86 z=Cpel+ Cpet, y=
= —Cyet + 3C,eP. 187, z = Crot + Cype®t, y = 2C,e™ — 2C,e3¢,
788, z = 20,63 — 4Ce7 3, y = (63 + Cpe™ 3, 789, z =
= e?Y(Cy cos t + C,sin 1), y = (€, + Cp) cos t + (Cy —

— Cy) sin t]. 790, z = €!(C, cos 3t + C, sin 3t), y = €}(C, sin 3t—
— C, cos 3t). 791, z= (2C; — C,) cos 2t — (2C, + C,) sin 2t,
y=Cycos2t+ Cysin2t. 792, z = (C,+ Cat)e®, y= (C; +
4 Cy + Cat)eBt. 793, = = (C; + C,ot)eb, y = (2C, — Cq + 2C,t)¢%.
794, z= (Cy,+ 2Cy0)e~t y = (C, + Cy + 2C,t)e~t. 795, z =
= (Cy + 3Cyt)e?, y = (Co — Cy, — 3C,y1)e. 796, z = Cpet +
+ Coe® + Cye™t, y = Ciet — 3C3e™t, 2= Cret + Cope® — 5C¢72
797. @ = C, + 3Cye?, y = —2Cye® + Cyet, 2= C, + Cye¥ —
— 2Cq4e7 . 798. z = Cye?t + Cpedt, y = Cret + Cpe?t, z =
=Cret 4 Coe?t + Cpe®t. 799, z = Cet + Cpe®t + Coe, y =
= Cyet — 20, + CyePt, 2 = —Cret — 3C,e2t + 3C,ePE. 800, z =
= Ciet 4 Cye™t, y = Cret + Cye??, 2= 2C3e®* — Cye™t. 801, z =
= e}(2C, sin 2t + 2C; cos 2t), y = e}(C; — C, cos 2t + Cjy sin 2t),
z = e(—C, — 3C, cos 2t + 3Cy sin 2t). 802, z = C* +
+ 8 (Cy cos t + Cysin ), y=e8[(C; + C3) cos t + (C3 —
— Cy) sint], z = Ce?* + 3[(2C, — Cy) cos t + (2C5 + Cy)sin t].
803. z= Cycost+ (Cq+ 2Cy)sint, y=2Ce*+ Cycost -+
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+ (C, + 2Cy) sin ¢, 2= Cpet + C3 cos t — (Cy + Cy) sin t.
804. x—Clgt-I-(C -I—C)st, y = Ce? +Cze3t 2= Cye?t +-
+ce3‘ 805, z = CI-I-Cze,y—BCl-I—Cse,z—-—Cl-l-(C,
— Cy)et. 806, z = Cie3t + Coe™t, y = —Cye®t + (Co+ 203)e :
2= —3C;e% 4 Coe™t.  807. z = Cye® + Cae™, y = Cpe?t +
+ 3C4e™8, 2 = (C, — 2C,)e®t + ZCae—Bt. 808. z = (C; + Cst)et +
+ Cye®, y = (€, — 2C4 + Cyt)et, 2= (C; — Cy + Cyt)e’ + Cye®t.
809, z = (Cy + Cst)e™, y = 2C,e* — (2Cy + C3 + 2Cst)e™?, 2=
= Ciet — (Cy+ C3+ Cat)e™ . 810, z = C, + Cyt + 4Cqe%, y =
= Cy — 2C; — 2Cyt + 4Cqe®t, z2=C, — Cy + Cyt + Cye%*
811, z = (C; + Cyt)et, y = (C3 + 2Cst)e?, 2 = (C, — Cy — C3 —
— Cyt)et. 812, z = (C, + Cqot + Cat®)e?, y = [2C, — C, +
4 (2Cy — 2C3)t + 2C4t2)e?t, 2= [cl — Cy+ 2C5 + (C3 —
— 2Cy)t + Cy2le®. 813. =z = 3C;¢8 +3C,e™t + Cycost +
+ Cysint, y= Cle + Cye™ t—l— Cscost+ Cysint. 814, z =
= =20, 4 Ca+ Ct)— 27(Cy — Cu+ Cat),  y =G+
+ Cot) + e HCs + Cyt). 815, z = €' (c1 cos ¢ + C, sin &) +
4 e HCy cos t + C, sin ¢), y = el(C, sin t — C, cos t) +
4 e HCycost — Cysin t). 816. z = Cyet + Coet 4 Cye? - Cpe ¥,
= Cyet + Coe™t Cue?t + Coe™@, 2= Ciel + Cae™t — (C3 +
4 Ce?t — (Cs + Coe™2. 817, z = 3Cyet + Co,e™t, y = Ciet+
4 Coe~t. 818, z = Cyet + Coe™t 203672, y = 2C,et 4 Cye 2t
819, z = 3Ce™t, y = Ce™t. 820, z = —2C,e3" + Cyet, y = Cre '+
+ Cpe®. 821, = 20, + 2C,¢™% 4 2C; cos 2t + 2C, sin 2,

y = 3C;e® — 302e_2: — Cysin 2t + Cycos2t. 822, z = Cye2 —

—4Ce™, Yy = Cie2 + Cpe . 823, z= (C, + Czt)e + Cse-t,
= (—2C, — Cy — 2C,t)et — 4Cy e-‘. 82 z= Cyet + Cpe=t +

+ Cge® 4 Cpe?, y = Cret 4 5Cae™ + 2Cge 2t 4 2C,e 2,
8253:::—(2+Cze —I-C%cost;*l-Qsmt y= —C; — Cye* +
+ (504 — -503) cos t — (303 + 304) sin ¢. 826, z = Cet +

+ce—‘+ze—t2—2 y= Ciet — Cpe=t + (t — 1)et — 2¢.
827. z = C1e® + Cye™? —-251nt—cost y = 2C;e™ 2‘—ce—‘+
+ sint -+ 3cost. 828, z = Cpet —i—2€e4t+3e5t y= —Cet +
4 Coett 4 €. 829, z = C)(cos 2t — sin 2t) + Cy(cos 2¢ + sin 2¢),
y = C, cos 2t + C, sin 2t + ¢~ 2¢, 830, z = (% -+ Cpe¥ +
4t 4 1), y = —2C,e® — Cpedt — 212, 831, z= (C, +
+ 2C,t)et — 3, y = (C, + C, -|- 2Czt)e — 2. 832, z= (e +
+ 3cge4‘ — et — 4% y = Ce® + Cpet? — 267t — 2¢8¢. 833, z =
—Clecost-l-(,‘zetsmt-l-e +t+1 y = Cye¥(— cos t —
— sin£) + Cyel(cos t — sin t)— 2e* — 2t — 1. 834, z = Cpe~t +
+2Cge? —cost + 3sint, y = —Cpe i+ Cpe®t + 2 cost — sin ¢,
835, z = 4Ci¢" + Coe™— 4tel,  y = Ciet + Cpe® —(t — 1)et.
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836, z = C,e3 4 312 + 2t + C,, y = —Cye3t + 612 — 2t +
4 2C, — 2. 837, z = 2C,e®t + Cpe™3t— (12t + 13)et, y = Cpe? —
— 20,3t — (8t 4+ 6)e’. 838, z = 2cle8' —2C, —6t+1, y=
= acle“ + Cy+3t. 839, z=3Ce + Coet +3sint, y=
Cle + Cze"‘—-cost—l—2smt 840. z = Cjicost -+ Cysint 4
-I— tsint —tcost, y = Cy(sin ¢t + cos t) + Cz(sm t — cos t)—
—2tcost-|-smt—l-cost 841, x—(Cl+CZt—t2)e y=
= [C; — Cy + (C; + 2)t — 2], 842, z = Cyet + 3C,e% +
-+ cost — 2 sin ¢, y——C]e +202e2'+2cost—25mt
843. z = Clet -+ Czeat + tet — 2, y = —Cle + Czem —(t+
+ 1)t — 2. 844, z = C cos2t — Cpsin2t+ 2t 42, y=
= (C; + 2C,) cos 2t 4 (2C; — C,) sin 2t 4 10¢. 845, z = C,et +
4 Cpe® 4+ ef(2 cos t — sin 1), y = Cyet — Cpe% + e¥(3 cost +
+ sin¢). 846. z = C;cost + Cgsmt+tgt y= —C,;sint 4
4+ Cycost + 2. 847. z = Cy et + 2C, ezt — etln (&% 4 1) +
+ 2¢2 arctg ef, y = Ciet + 30, 2t — etln (2t 4+ 1) + 3e2tarctge
848. z=C; + 2C,et+ 2 Injet — 1],y = —2C;, — 3C,et —
—3e-tln|e-—1| 849. z=Cycost- Cysint—+ t(cost -
+ sin#) 4+ (cost —sin ¢) Infcos t|, y = (C; — Cy) cos t + (C; +
+ C,) sint - 2 cos t In [cos t| 4 2t sin t. 850, z = (C; + 2C,t —

—815/%)et, y= (C; + 2C,t— C,—815/2 4- 103/2)¢t. 851, z = C,e3 X

1 e 0 at( 1 —t( 1
X(0)+02e3 (1) 852. 2 =Ce 1)—I-C'ze (_2). 853. .:t=

1 2t cos 2t
.t —t — t .
=Cy (1)"’02”’ (2z - 1)' 854. = = Cpe (cos2t—|— sin Zt) +

. 1 1
+ sin 2¢ ot —ty
+Csqe (sin 9% — cos 2t)' 855, z= C.e ;) +C, +Cge
1 0 1
x[ 1] 86. z=Ce¥ |1 |+0Cpf —1) +Cpe?
2 1 —1
0 2cost 2sint
857. z=Clet(1)-|-C2 2cost +¢,| 2sint
1 3cost —sin ¢ 3smt+cost

0 cos 2t sin 2¢
88. z= Cle_” 1]+ Cze‘t —sin2t | + C, et | cos 2t
—1

cos 2t sin 2t

1 cost—sin? cos t+smt
859, z= Cle"’ 1 +Cze’ cost +Cse sin ¢
—1 sin ¢ —cost

1 1 1
860. z=Cl(— 1) + Czet(—i) + ¢t ( 0 ) 861. z=C,e¥'x
1, 0 1 '
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1 1 1 1
x(1>+c,e-'(—1)+cae-’( 0). 862. z=C ( 1)+
2 0 —1 1
0 1 1
-I—Cze( )+Ce*(t+1) 863. z=cle-‘( )+cﬁ(1)+
—1 1
2t 1
+03e‘( 2t ) 864. z=61e—t( )+ce—*( )+
2t +1 0
t+1 1 1
—|—Cae‘t( t ) 865. z=C,e* (—1)+0e2‘(o +
0 1

2t +1 1
+c ( t ) 866. 2= C ( )+C(t—1)+6’3><
2t — 1

3 .
x —2t+2> 867. e 0). 868. ( cf’“sm).
e

0 —sin1 cos1

e e e—e° —1 —4
869. . 80. . 8. ( )
( e (Ze2 —2e 2e——e2) 1 3

1
1
0
82 e2 f_
2 2
873. 2 2 | 874 & 8. e~!. 876, z=dcosat,

0 e

00 é
=Y sinat; o z 2+ ay 2—1 877. z=C
y—-a_sma, JIAIIC - - ) =t cz=C, x

. { at 3 . [ al .
Xsm(%+cz), y= '2_015“’('['7(; +Cz);z=03sm(at+c‘),
1 1
y=—C,sin (at+C,). 878. EFI/K(_I—'I'IL)‘ 879. 1=
1 2
V .
V B (oL/(1— mch))z’

14
= Asin(ot — @), A= max 4 = npu

2k
0=0H0=0c, mMnd=0 npr o= -5 LC 880. B\.aﬁ—n—i,

k=0, +1, +2, ... 881, a) neycroiiumso; 6) ycroiiameo; B) ycToii-
9MBO; r) HeycToﬁano. 882. AcummroTtnacckm ycroitgamso. 883. He-
yeroitamso. 884. Heycroitamso. 885, VYcroiumpo. 886. Ycroitamso.
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887, Heycroiumso. 888, Vcroitumso. 889, Bce pemenus crpemarcs
Kk myao. Her, Her. 890. VcroiiwmBo. 891, AcmMnroTHYecK: ycToii-
gnBo. 892, Heycroitgmpo. 898. Her. 899, Vcroitumso. 900, He-
yeroitumso. 901. Heycroiaupo. 902. Ycroitampo. 903. Heycroiiunso.
904, Ycroiampo. 905. Vcroiamso. 906. Heycroitumpo. 907, —2 <
<a<<—1. 908, a<<—1. 909, ab < —3. 9M0. a < b << —1.
911. 0 < a < 2. 912, —be < a < —e. 913. Vcroitumpo. 914, He-
yeroitamso. 915, (0, 0) meycroiiamBo, (1, 2) ycroitamso. 916. (1, 2)
w (2, 1) meycroitamsu. 917. (2kw, 0) meycronumsH, ((2k 4 1)m, 0)
ycroitamsel. 918, (3, 2) Heycroiamso, (0, —1) ycroitamso. 919. (2, 1)
ycroitamBo, (—2, 1) Heycroitamso. 920, (1, 1) meycroidumso, (—4,
—4) ycroitamso. 921, (2km, 0) BeycroigmsH, ((2k -4 1)m;, 0) ycroii-
amBe. 922, (—1, 2kn) ycroiiwmsH, (—1, (2k -+ 1)7) HeycTOHYIHWBH.
923. Heycroitamso. 924. VYcroitwmpo. 925, Vcroitgmpo. 926. He-
ycroitaupo. 927, Ycroitamso. 928, Vcroiumpo. 929. Heycroitamso.
930. Vcroitumpo. 931. Ycroitumpo. 932, Heycroitumso. 938. Vcroii-
qmBo. 934. VYcroitaumso. 935. Heycroiiumso. 936. VYcroitumpo.
937. Heycroiiaumpo. 938, Heycroitamso. 939. Heycroiignso.
940. VYcroitampo. 941. Heycroitumpo. 942. VYcroitamso. 943. He-
ycroiamBo. 944, Heycroiumpo. 945. VYcroitamso. 946, Heycroii-
amBo. 947. VYcroitumpo. 948. Heycroitamso. 949. a >0, b >0,
ab> 2. 950, 3a>b>0. 951. 0 < a<<2. 952. Heycroitamso
mpm Bcex a. 953. a>0, b>0, a+ b<<1. 95, b>0,
a>b+1.955, a>0, b >0, 8a — a% > 4. 956. a > 2, b >

>o,2ab—b2>4.957.a>0,b>0,2—1/§‘<_:_<2+1/3“.

958, 0 < a <8, 0<b<8a— a2 959. a) ycronamso; 6) ycroi-
9UB0; B) HEYCTOHYHBO; I) HEYCTOHYWBO; J) HEYCTOHIMBO; €) YCTOM-
quBo. 960, —4 < ab<<0 m a= b= 0. 961, Cemno. 962, Vseu.
963. ®okyc. 964. Yaen. 965. Cegmo. 966. Llentrp. 967. BupoxkaeH-
HHE y3en. 968, Vzen. 969. Ocobuit ysen. 970, ®oxyc. 971. Vzex.
972, Buposxperanit ysen. 973, ®okryc. 974. Cemmo. 975. LlenTp.
976. BupoxpenHbit ysen. 977 m 978, Ocolhe TOYKE BamONHAIT
npaMmyo amEmED. 979. (—2, —1)— y3en. 980, (1, —2)— doxyc.
981. (4, 2) ysex, (—2, —1) doxyc. 982. (1, 0) ocoOsr ysex, (—1, 0)
cequo. 983. (1, 1) doxyc, (—1, —1) ceano. 984, (0, —1) BHpOKAEH-
HHHA y3ex, (2, —3) cemmo. 985. (2, 4) ysem, (—1, 1) cenyo.
986. (1, 1) doxryc, (—1, —1) cemno. 987. (2, 1) yzeu, (1, 2) ceano,
(—1, —2) doxyc. 988. (1, —1) doxyc, (0, —2) cemno, (—2, 2) y3ed.
989, (—2, 4) ysex:, (1, 1) doxyc, (2, 4) m (—1, 1) cemma. 990, (—2,
2) BHpOKAeHHH# y3en, (1, —1) doxrye, (2, 2) m (—1, —1) cepna.
991. (3, 0) doxye, (1, 1) ysex, (—1, 1) u (—3, 0) cegma. 992. (0, 1)
u (0, —1) cemna, (—1, 0) doxye, (3, 2) ysen. 993. B o6aactz y > 0
HHTerpajibHEE KDPEBBIE PACHONOMKEHH KaK y cefia, B 001acTE y <<
< 0 — xak y yana. 994. Yepes (0, 0) mpoxogur ofiHa KpHEBasg, AMEI0-
mas TaM TOYKY BO3BpaTa mepBoro poja. OcrajbpHbie KPHBHE He 3a-
XomAT B oco0yio Touky. 995. 13 obaactm y << 0 Bce HHTErpajbHHE
KpHUBHEe O0OMMH KOHIOAMH BXOJAT B 0CO0YI TOYKY, a M3 obiaacTm
y > 0 He BxopuT HE ofiHa. 996. J[Be HHTerpajJbHHE KPHBHE IPOXO-
AAT 9epes 0coOyI0 TOYKY, Kacasich Apyr apyra. OcrajibHEE KpABHE
pacmoyioskeHH, Kak y cemia. 997, M3 ob6aacrm y > 0 KpHBHe He
BXOJIAT B 0co0yio TodKy. B obmactm y << 0, z << 0 pacmoioxeHHe
KpHBHX HAaDOMUHAeT BHIPOKAEHHHZ y3eq, a B obOmactm y <O,
z > 0 — cegmo. 1021. (0, 1) cemmo, (0, —1) doxryc. 1022, (1, 2)
cemno, (—1, 2) ysea. 1023. (1, 0) cepguo, (0, 2) BHpOKACHHEKI y3e.
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1024, (0, 1) mentp, (0, —1) cemo. 1025, (2, 2) yseu, (0, --2) cepo,
(—1, —1) doxryc. 1026. (2, 2) cemio, (4, 1) u (—2, —2) doxycui.
1027. (1, 0) m (—1, 0) cegaa, (0, 1) m (0, —1) menrpn. 1028, (1, 1)
cenio, (1 —1) yseua, (2, 2) m (—2, 2) porycun. 1029. (0, 1) m (0, =1)
cepia, (1 0) doxyc, (—3, 2) ysex. 1030. (1, —1) u (—1, 1) ysuH,
3,3)n (—3 —3) cepna. 1031, (1, —1) m (—1, 1) cepua, (3, 3) o
(—3, —3) ysan. 1032. (0, 0) (boxyc, (7, 1) yazen, (0, 8) m (3, —1)
cegima. 1033. (0, 0) doxye, (2, 4) yzex, (1, 1) =m (—1, 1) cepna.
1034. (2 1) ysen, (—1, 2) doxyc, (1, 2) n (1, —2) cemna.

1035. lcp + gsingp = 0. 1036. mlcp + klch Iq>| + mg sin ¢ = 0.
1037. ¢ + sin @ —1. 1038, mz -+ fsgnz + kz = 0. 1039, B

(L/1)3 pas. 1047, f(ro) = (; npu Bospacranuii r QyHKNUA f(r) MeHseT
3HaK ¢ - Ha —; MeHsgeT 3HaK ¢ — Ha -|-; He MeHseT 3HAKa NpPH
nepexofe uepes mnyiab. 1048, o << —1/2; a > —1/2. 1053, z =

= 4both — e 1054 7 = y; i(xwr y?) = —2yF(y) <0
21/ & dt

npm y % 0. 1056, Mensme, gem Ha 0,03. 1057. MeHbme, 9eM Ha
0,05(e*T — 1). 1058, OmuGra_ mempme 0,081. 1059. |y —y|<
< 0,016. 1060. |z — z |+ |y — y| < 0,0012. 1061, |y —y| <

<0,002. 1062. 1y —y|<0,015. 1063, Iy — y 1< 0,034
$

223
1064. ** — z — 1. 1065, 5—73 tet1t 1066, ¢*2.

—_t— —t
I=i=ld=0 oe. s,
1—9

1070. 2 In ¢ + 202 — 20 1074, —¢*'— 2¢7F — 3,72, 1072, — =5 —
2

e~ 2 (5 t) —t, 1 2 1 1
—er (5t 11073 L — L qoms =1 —
= T%3)" T3 3 g 07y z+”(’

_i 2 25 | 22 32 1 _ -
32) +p (_ 7.-|- 3 —5_1?4_;3) + O(ud). 1075, y = 2Vx+
+ 2;1.(.1;_1/2 _ 2) + pz (1 /2 __4_ z _|_§z—1/2 _ —3/2)_|_ 0 (HS)'

1076. y—i-l-péz’—x)-l—p?z(i——x)"/b + 0(pd). 1077, y =
=—+3u+p( —3z)+0(u3)- 1078, y == —pz + 1) +

1067. 1(e' —e~Y).  1068.

+ (n2/2)(e* — 22 — 22 — 1) + O(p3). 1079. =z = sint -I-p.(% —

— % cos Zt) +p (_ sint — F sin 3t) + 0 (p3), 1080. z = cos2t +

-l—p(1 z_écosé)-l—p (.__ osZt-l—_ coth) + 0 (pd).

1081, z = pcost + po (—%cost-l—z—écosf’.t)-i—O(pb). 1082, z, =
2

=1—|—psint—%(1 + cos 2t) + O(p?), z, = —1 — %sint—{-
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+”21 1cosat)] + 1083, z. = — R sin2 i
w3 o(p3). z _—.g-sm t+648 'sin 2t —

sm6t)+ opd), —u—ﬂstt——La(-l_ sin2t—1_><
—3 ' 5 1000 \5 111

1 1
X sin 6t) + O(HB). 1084, = = gsint -+ -§-sin 2t — ; sin 3t 4+

1
+ O(p). 1085, z = 2u3sin t — p (112 sin t + % sin Bt) ( )

_ 1_1 11i =

1086, =z = Ccosr+02(7—_3- €08 T — 708 2r)+0(03), T=
2

=t (1—%c2+0(03))+ C,. 1087, z = Ccost—{-g_2(cos 3t —

— cos 1) + 0(C¥), 1=t(1+%02—l—0(04))+02. 1088, z =
3 2

C 4

=C ey 5 = —

cosr—l—igz(cost cos 31) + 0(C), T t(i 16+0(C ))—[—

+ C,. 1089, z = 2cost -|-3—4p-sin't—% sin 3t + O(p?), =T=
: 0 9 "

=1 -1 ¢ . 1090, z = —= — i
( 16+0(u )):~C 1 z 'I/3COST+12V3 sm3‘:+
+ 0(py), r=(1_*1‘_6+0(p3))t+c. 1091, y=1—l—z+%—|—

223 | 724 _ 2 2t -
+_3_+.1_2+... 1092, y—1+z+-§-——3-+--- 1093. y =

_.‘52 zs 34 _ . z3 .1:4

—'2—+—+—+ 1094. y—z-l-z —E—Z—
1095. y—1+2(x—1)+4(z—1)=+ (z—i) + e —
1)t 4 ... 1096, 142 2 _ 2 ”‘4 1097

— 1) y= z—.é.—.g—.g_,,, .y =

19
= 4— 2z + 22® — 22% + —.t"‘ + ... 1098. R > 0,73. 1099, Omus-

8
0,00024. 1100, y, =1 —r
Ka MeBbIIe I —|—3 4—[—3 T 8-1—

9
= z = —
x+4 §+m+ 1101. y, 1+1+

:c" X . 33 IB 37
+m+1.3:5‘+“" w=rtstogteg st

x2

do=ze®, 102 5 =1+ 224 2%+ .. =11—2, vy =2 +

tad =g 103, g 3,2 35

1—z 1 2 2.4% T =
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= (14329 2, y2=z—%zs+4—:gzs—,,, 104, y, =1 —
1105, p=14+z—2 -2+ 28+ — ... = ;j;,
3 3 4

Yo = zy,. 1106, yl—i—_———l- =z—|—%—%+,,,
Mz y=1-% +120+ y«2=z_%+§6+"'
1108. y1=1+§+1—2+5-”-+ = z+%”+;_2+...
oo h=1-Z 4.y, :'—4 1;+...,' y=2+

%—“‘ 1110, y=1— 3!+’5”_l_...=51:$,' , =

3

.—_%2_2’_'+%—...=°‘f’. 111, 2y1=%:-1+§’l.-|-

tgt =D =l (1424 G By ),

2 4
e, y =814 % 4 & ) — 3
n=2"Utegtsem et yp==""(1F

z° _1 z — 2
+6 7+m_13+ ) 13, g, =L +1+ 2,5, ="+
23 28 e —1 z
o=l %) s g, =
+4+4 5"'4 I 6+ 6( z 2)' e

74 z8

1
=__—+ +' +40+720+ ) y2—1+2+ +20+
1115, y, = z + 2? +2—|+§|'+---=x8“- 1“6-yl=1+2—,+

z4 z8 z2 24
+2=.4a+2—z._4a.6‘a+ - M7 =00t mt+t et )x

22 3zt
XIn|z|— Z 18 1118, y, m y, — obobOmeHHHE CTe-
IeHHHE PARH ¢ AppaydoHAJbHEIME mokasatensmu. 1119, y, m y, —
PARK ¢ KoMiuleKcHEIME nokasateasmu. 1120, Pemernmit B BHfe
0000ImeH X CTeNeHHNX PANOB HET, TAK KaK MmOJydaeMH# pAR y =
=1 41l =z + 2] 22 4 3| 2 4 ... EMeeT HyzeBo#l pagmyc cxomu-
MOCTH.

cos (2k — 1)
121, ”"‘6"':;2(21: (R —kt 1)

1122, y=

2 4y 1 2k .
=; ; kz m(aos 2k1—4k2 1 sin k.‘t).
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0o
(k® + &) cos kz — sin kz R
1123. y=Y LT 126 y=——+

1 < cos2knz sin 2kz
+5 Y 5. 1125 y—zkz 4 €, cos3z +

nf &l k?(45° - 1) — &)
+ ¢, sin 3z, 1136. 1<y<1/3 137, 1+22<y<1+4
+2* tarctgz. 1l y = Cf0F, 2= 3 cilc, e—Cix* 142,y =
z 4 Cy

C
=Czecl’°,z=a:-|--c—":e01x; y=0,z=2z-4 C. 1143. y=m,

C. —
(€, — CYz 1144, y = CpeC™, z = 2(,&3:6’"0"c iy y=0,

= Cz. 1145, y=—‘5:+'§l'(z+02)—-zl(z+cz),

c 1
z'—'—l(x-|—02)2+z:' 146, y=Cyz, z=2y—z+C,.

1147, :cz—y’—-C a:—l—y=Cz.il48.z—y=Cl(y—z),(z+
Tyt —yr=0C. 1149, z+z2=0C, (Fy+ oy —
— 3z —2)=C,. 1150, 22 — 22 =C;, Y2 — ut = C,, (z+ 2) =
= Cy(u + y). 1151 2+ z=2Cy y+ u=0C, (z—z)’-l—(y—
— u)2 = C;. 1152, x“‘—2y——C, bzy — 228 — 322 =

1153, y2 + 22 = Cy, 2 — yz = C,. 1154. z = Cyy, zy—z—-Ca:c
1155, z—Cly, zy — 2Y2 F 1= Cy 1156. y = Cyz, z — y% —
-—z’—-sz 1157, ¥ + 22 = C,, :c(y—z)—C, 1158. 2z = C4,

zy+ 2= Cy 1159. 2+ z — y = C, 1n|z|—|——y-—Ca 1160. 224

+ 2+ 22 = Cy, yz = Cyz. 1161. 1) ma; 2) mer. 1162, 1) mer;
2) ma. 1163. a. 1164. 3aBucumu. 1167, z = f(z2 4 y2). 1168, z =
= f(zy + y%). 1169. u = f(y/z, z/z). 1170. v = f((z — y)/3, (= +

4+ y + 22)%z). 171, F(z® — 32, z —y + 2) = 0. 1172, F(e™> —
z —In [y]

—yl, z4 '—-x_y—l) = 0. 1173, F(z® — 4z, (= + y)¥/z) = 0.
174, F*+ 2, lz2)=0. 1475 F(i; 2y — & ) =0.
1176. F(:c_—?-y— + %’, z—_i-_-; + - ! )— 0. 1177. F(z? + &, y(z +
+ 'l/zz + 1)) = 0. 1178. F(-:? — %, In |zy| — %)= 0. 1179. F(z2+
+ y2, arctg (z/y) + (z + 1)e7?) = 0. 1180. F(z> — y2, a® + (y —
— 2% =0. 181, F(=, 20 —4z—?)=0. 1182. F(z — I o],
2z(z — 1)— y?) = 0. 1183. F(tgz-i—ctgz, 2y — tg22z) = 0.
1184,  F((z + y + 2)/(z — y)?, (z — y)(z + y — 22)) = 0.
1185. F((z — y)(z + 1), (z+ y)(z —1)) = ~ 0. “86 F(u(z —y),
uly — 2), (z+ y =+ 2)/ut) = 0. 1187. F(zly, zy — 2u, (z + u —
— zy)lz) = 0. 1188, F((z — y)/z, (Zu +z4y)z (u—=z—
— p)/z®) = 0. 1189, z = 2zy. 1190, z = ye* — = - 1. 1191. z =
=y 1192, u=(1 —z+ @ — 2+ 2. 1193, u=



= (zy — 2z)(§+f; 19, P — 2 YP —Z=z—Inly)

1195. 22%y + 1) = 2 + 4z — 1. 1196, (z + 2y)2 = 2z(z + zy).
1197. V/7/y® sin z = sin Valy. 1198, 2zy +1 = z + 3y + z7L.
1199, z —2y =224 y* + 2. 1200, 222 — y?2 — 22 = a2,
1201, [(y2z — 2)2— 2 - z]y2z = 1. 1202, 2% 4 22 = 5(zz — p).
1203. 3zt y+ 22 =2+ 2 4 22 1204, zz2= (2z —y —z -+
-+ 22)2. 1205. (1 - yz)® = 3yz(1 + yz — 2) + y°. 1206, = + y 4
+ z = 0. 1207, 2(z® — 423 — 3yz)?2 = 9Y(y + z%)°. 1208. (z — y) X
X (3z + y + 43z) = 4z. 1209, zz + y2 = 0. 1210, z = zy + f(y/a),
rae f — mpomsBoibHaA guddepeRmEpyeMas GYHEKNUASI, NI KOTOPOH
f1) = 0. 1211, F(a? — y?, 2a% 4 22) = 0. 1212, 2% 4 22 =
= z(22 + y? + 22). 1213, F(bz — ay, cx — az) = 0. 1214, 2% 4
+ 342+ 224 3zy + 2z + 3yz=1. 1215, F((y — b)/(z — a),
(z — o)/(x — a)) = 0. 1216, F(2%y, zly) = 0. 1217, z = Czy?.
1218, Pemenmit Her. 1219, z = 0. 1220, Pemernii et. 1221, 23y%2 =
= C. 1222, z = y2 — xy. 1223, 22yz = C — a8, z = 0.

TABJIANLI MOKA3ATEJIBHON OYHKOUNA
A JIOTAPA®MOB
Tabamma 1

x | e* x In x 1z
0,00 1,000 1,0 0,000 0,000
0,05 1,051 1,1 0,095 0,041
0,10 1,105 1,2 0,182 0,079
0,15 1,162 1,3 0,262 0,114
0,20 1,221 1,4 0,336 0,146
0,25 1,284 1,5 0,405 0,176
0,30 1,350 1,6 0,470 0,204
0,35 1,419 1,7 0,531 0,230
0,40 1,492 1,8 0,588 0,255
0,45 1,568 1,9 0,642 0,279
0,50 1,649 2,0 0,693 0,301

Tabamma 2

x ™ » In « 1g =
-3 0,050 3 1,099 0,477
—2 0,135 4 1,386 0,602
-1 0,368 5 1,609 0,699

0 1,000 6 1,792 0,778
1 2,718 7 1,946 0,845
2 7,389 8 2,079 0,903
3 20,09 9 2,197 0,954
4 54,60 10 2,303 1,000
5 148,4 11 2,398 1,041
a4 23,14 20 2,996 1,301
21 535,5 100 4,605 2,000







	обложка
	титул
	Содержание
	Предисловие
	1 - Изоклины. Составление дифференциального уравнения. Семейства кривых
	2 - Уравнения с разделяющимися переменными
	3 - Геометрические и физические задачи
	4 - Однородные уравнения
	5 - Линейные уравнения первого порядка
	6 - Уравнения в полных дифференциалах. Интегрирующий множитель
	7 - Существование и единственность решения
	8 - Уравнения, не разделенные относительно производной
	9 - Разные уравнения первого порядка
	10 - Уравнения, допускающие понижение порядка
	11 - Линейные уравнения с постоянными коэффициентами
	12 - Линейные уравнения с переменными коэффициентами
	13 - Краевые задачи
	14 - Линейные системы с постоянными коэффициентами
	15 - Устойчивость
	16 - Особые точки
	17 - Фазовая плоскость
	18 - Зависимость решения от начальных условия и параметров. Приближенное решение дифференциальных уравнений
	19 - Нелинейные системы
	20 - Уравнения в частных производных первого порядка
	Ответы
	Таблицы показательной функции и логарифмов



